
 Lecture XX111 83.7Rank Nullityof LinearTransformations
55.1 5.2 AbstractVectorspacesRecall

Definition A linear transformation T N W is a function

from N Isubspaceof R to ax I subspaceofRm satisfying

TIE E Tle Tie for EI miR
T se Tie for it in IR a scalar

If B P Epl is a basis for N then
B but Ifl W

T is completely determined by a choiceof vectors TIF tip in

12 wehave freedom ofchoice

T is represented by a q xp matrix A T depending

onthechoiceofbases B Ba Indeed

TLE B
A E B

Ex N R M Rm B let sets Tht AX then ACT
BE 3T lis Hanyersely T defendsMA

1Rank Nullity
TheNullspace Range of a linear transformation are defined analogous to

their definition for matrices

Let T N R be a linear transformation

Definition Nullspace of T Nlt 3 Ein N such that TIE El

Rangeof T R IT 3 E in IR E TIE
to someEm



Both are subspaces m we can replace T N IR
by T N W with W R T

Definitionnullity T dim INI ti rank T dim RIT
Later in this course we will reprove the rank nullity Theorem

nullity IT rank T dimly

Special case N R T IR IR givenby TIF AF
Then WIT MAI RCT R A

din E din

nullity T nullity A rank IT rank A

Rank Nullity for T is the rank nullity theorem to A

2 AbstractVests Spaces

So far wehave consider IRN and its subspaces
Two main operations onITN addition and scalar multiplication satisfying

8 properties Assoc Distrib NeutralElement of additive inverse 3.2

A subspace V E IR was defined as subsets containing and closed

under addition scalar multiplication
Punchline There are manymathematicalobjects which admit these 2

operatives with the same 10 properties We call themactor spaces

EXAMPLES 3 f R IRI setofall functionsof onereliable

leg sinex as in ex x t x't l are all elements of F
functions can be added together to get new functions

scaled by a realnumber



Eg Sen txt text as ax

R Sen x y ex gas lay
all elementsof

Adding additional properties to our functions will produce subspaces

3 L R R continuousE E F

F 3 L R R differentiable E E

Formal definition A rector space on R is a set V with 2operations
addition V X V V

actorsF E I E xp

elementsof Van called

scalarmultiplication R X V V

la El to a t

These z operations are required to satisfy the following 8 properties

Addition IAI I to I tie for all I mV

IAU Eth ta El tu for all I E E mV
IAS There is an element of mV 1NeutralElement

satisfying I E P to P for alle mV
AG Given I m V we can find 5 Iadditive inverse

satisfying I É 8

Scalar Multiplication M1 a lb E lab I fr envy a bmisimV
172 altite at tan fiery aint EmV
M3 at b F at BF a bindEmv
114 I E I foreveryEmv



Old Examples Rn is a rector space withusual scalar mull 253.2

Matman R set of all mxn matrices is asectorspace by51.6

Null Space Range RowSpaceof a matrix are rector spaces

NewExamples all ant functions IR IR E zerofunction

C o all continuous functions defined onthe internal Co I
10Ex El

Pn all polynomials of degree atmost n

ha ta x t 92 x't t an X no an in IRarbitrary
Addition got a x t t an X

t both x t b xn
l termbyterm t

lootb faith x t t fautbn x

Scalar Multiplication c ao ta x t t an x Icao thanx t thx
Neutral Element o polynomial to tox t to x

3 Subspaces

Fix a rector spaceV

Definition A subset W of V is called a subspace if

Isil OT in W here I is Neutral Element in V
1521 I ve m W implies if the in W
S3 I on W a in R implies a F inW

Old Examples Given amatrix A of size mxn

Wallspace A is a subspace of IT
Rangeof A BIA is asubspace of R



New Examples KIF functions of onevariable
Pn polynomials of degree atmost n is a subspace off

3 fix f f E is a subspace of

Non examples

S 3 tax att I fix dx is
The zero function is not ins so 151 fails
S 3 polynomials P in Pn with Pao it is not a subspace

because Sil fails zero polynomial is not in S

S 3 9 ad be o E c Matza lit is notasubspa

because Si fails is not in S

X 3 21 ad be o E e Matza R is notasulspa

because 132 fails 168 fog both in x but their sun
is Iz f and I is not in X


