
 
Lecture XXIV 555.1 5.2 AbstractVectorspaces

5.3 Subspaces

Recall Aset U with scalarmultiplication is a space if it
satisfies 8 properties including neutralelement of etc
Elements ofV are called vectors elements of IR are calledscalars

Examples Matman 3 mxn matrices9 Put3polynomialsofdog Enl
390ta Xt an X ai free

Asubset W of V is a subspace if ofVis inW W is closedundert
scalarmalt

1 UsefulProperties of Vector Spaces

Fix V a vector space
Cancellation If I 5 It is then F E

1Reason Add tie to both sides ofthe equation use III I

Neutral Element is unique Meaning if thereare two elements

É satisfying OTP I

tr se Malli then E E

Reason I 6 I I
mutual neutral

Additive Inverse is unique Meaning given I in V if they

are 2 elements E E with It I
I I p

then I p

Reason I I I I IF E II te Iti Ote E

O E OT for any Emv
Reason 0.5 0 0 E O I of so to E O Ito t

so by cancellation we get 6 0.5



a I I for every aim R
Reason a I a IOT to a I a d soOttad aOttad
so by cancellation OF a I

5 l i I ferry Emv

Reason E I I E I E I I E l l É O E E

by so t I satisfies the defining property ofAdditive
Inverse By the uniqueness weget 1 1 E É

52 Examples ofSubspaces

Main examplesofvector spaces
Mat man setof all mxn matrices

IF setof all functions of t variable

Pu setof all polynomials of degree atmost n
C o setofall continuous functions definedon 0,13 30 11

Note Pu is a subspace of Also Pa is a subspaceofCco i

Cco it is not a subspaceof F

Exemple Fix men 72 Mathai all square nan matrices

S 3 Am Matan AT A symmetric xn matrices

Claim S is a subspace of Matan
Tia is as

1527 A B in S then I At B T Att BT At B so in S
S3 A in S e in IR then I A

T CAT c A so in S



Intuitive idea subspaces aredefinedby linear homogeneous equs

Examples X 3 91 ab of is not a subspaceofMat

168 18 both in X but 687 181 16 isnot

Y 3 Pix in P with P so s4 isnot a subspaceofPs
I not homogenous

Zero polynomial notmy

Fix W 3Pax m Ps with P no of is a subspaceofPs
Reason o Ix to

fix gex fix t g x
fix c f x

3 SpanningSets V fixed rectorspace

Def 5 35 yup a set of rectors in V

Sp S spanofS setof all limos comb off sup
3 9 ti t apt where an sap is arbitrary

Prop Sp S is a subspaceofV

Ioof Same masons as for spans in R

1st I

Effi o wit to Ep in Sp s

sat I a I t taptip in Sp s
I bit t t bptp Herewe use

Itw 19 tht t t laptsp Ep in Sp S 11731 A1



S3 a a I t tap up m Cee fay ti t trap up
inSp S inSp S

Definition Fix a subspace W ofV 5 38 rip a finite

set of actors in W If Sp IS W wesay Sisa spanning
set for W

Examples P V W 3 9 Marx tax's
Sp i x x2

W 3 p in Ps p lo o subspaceofPs V

Pex hot 9 X tax

Pix 9 Zaz X

P s x zaz

P 107 0 becomes azo

so W Pz Sp 1 x

We 3 pm Ps Plo of is asubspace of PEV
condition becomes 9 t 292 0 0 so 91 0

Wz 3 so t 92
2
90,92 free Spf 1 X

59 Linear Independence Fix Va rector space

Def given a set 5 35 grips ofrectors in Y ur say
S is linearly dependent if we e find scalars ai az sap

not all zero satisfying
I a Ii tack t app 8 in V

we view this equation as a dependence relation amongFi yup



S is linearly independent if only has one solution
91 92 9p 0

5 Bases

Def A set of sectors B 35 sup I of a sectorspaceV
is a basis for U it B is a spanningset LV Sp IB V

B is linearly indef

Examples O V Pn has basis B 31 x x X

Spanning is clear

LI If box both x t t bux O zed poly
Then bio bo O

b'to b 0

implies both be b u to
b 101 262 0

b so 653 0

b Yo n th i 2 bn to

I sent as lx E is a linearly indep set in

Sold Write a sax t bas x to faust zero tandem

selling x o gives a o t b l o so b o

Selling x I 1 909 gives a I t b o o so 9 0

A 1 functionsof variables doesn't have a finite basis
Ditto for Clo i

Exercise Find a basis for Wt Ain Rats AIA



Sot A

1
in w moms area921922923

913 931
923 932

Typical element in W

A
911 912 913
912 azz azz 9111 t 912 t

913 923 933
as 988 9221

16takesfor
theentries

azz 8983 933 889
5 3118 1.1 3 19 1.1 1.1 1 D
Then Sp S W
Same calculation says S is li so S is a basest


