



































































































LectureXXV 55.4 Coordinatesrelative to Bases
55.7 LinearTransformations

Lasttime V vector space B 35 IE is a basis forV if

12 B is li only solution to E a taste t tapup in

Examples R Matan Pu Cco
hancten

constantoI see poles constant
rancten

Basis Sei tent ten Emil Stix ex'd une finite une finite
helim m n elem Intl elem

dim n m n nti o o

Eiji mxn matrix with 1 in ti entry O's elsewhere
Obs 309 is a rectorspace with Ne basis Id.im3o4 o

Algorithm S spanning sit B basis

How Remove i elementat a time fun S using dependencyrelations insuntil
what remains is li this is theoutputB

Intitatiindstitind Bein pe a basis for

0 If S 3up ing f is in V and q p then S is lemonlydependent

Proof Write it WI using the basis B
WT an T t a z I t tap p

mo A Lai
WI 9127 922 I t t 9pct

Pxgmatux

É a gI tazz ve t tapeup
A linear expression x wit t xgag at is thesame as a

homogenous system
equation pA É unknowns 7

P
Pf fit in Hence nontrivial solutions exists Sisler dep






































































































If I 3at I ingE is anotherbasis for V then g p

Proof Sameas for subspaces of IR If g p thenB is bindep

by but this cannot be the case because 5 is abasis

If p f then using fo the basis I says B is linearly
dip whichagain can't happen Conclusion is p 7

Consequence din V dimensionof V size ofany basis for V
This is a well defined non negative integer

For every F in V there are uniquely determined scalars

ai ap so that
I a I t aeve t app

Write E
B Ef hector inRP coordinates off relative

to the basis B

Proof Since Sp 1B V the ai ez sap must exist

Uniqueness follows from bi of B a different solutions will

give a dependency relation among up up

Example U 3 ad at d o

3 E sa a s c fuel Sr ok 867,1987

basis BEa E nor m IR

We often new this operation ofwriting coordinates relativeto a basis
as a linear transformation V R p din V

F E B




































































Ie fois 881,198 o
then
LIEay É

orderofvectors in thebasismatters when computing coordinates

Let V Matz B 3A 168 Acf As189 As8
Verity that B is a basis for V write the coordinates of frelative to B

Solution Atypical element ofV is q1 a En ther te Ea t dEe
We wantto rewrite it in terms of Ai Ac As Ay
Ipt in a Write the equation in x y Z W solve it

I x1 111181 21 wl
ft Ew

Weget a linear equations by equating entries

x ty a m X t c a so x a c

y CIII'd m a bed so Z d b

Weget a unique solution for a no matter what a b c d are so B is

linearly indef uniquenesspart spans Ibecause solutions exist
Conclude B is a basis

id Ew Ig In particular Is E.E

11 D 1 me

Qptim2 Show En En Eis Ely in Sp 1B using
Ell Al Ezz As



8d yh Yw
we y o x o 2 1

Elz A Ay

98 I Ew
we 4 1 x i z o

Ez A Az

Solutions are unique so B is li

To find the coordinates we write Fij using A throughAy

2 I 2 Ey En Ez t Z E

2A I A Aa I A Az 2 As

El Ai Az E As Ay
these4 numbers give thecoordinates relativeto B

Il D E
Nexttime five V with bases B sit sup t we can check

hi spanning of S s E wit by working miRP
S is l indep at it and only if 3 wits wi l is limit
S spans V if andonly if 3 Coils Eat spans IIP

Consequence Fix N SEE a rector space with dimN p Then

Any set of p't or more rectors in N is lin dep

P l cannot span N

p lin indef rectors in Il is a banis hor Y

p rectos that spans V is a basis has Y



Backto our example Take U Matz B En Fiz Ea Fat

Ails 11873s Ents

Az s 118 B EntEa

As s 8 JB Eu E
Aa s 81 Bz Entire E

Then IA Az As Au is a basis for Matias because 3 811 1191
is a basis for IR I itiseasy to check linear independence thesize 4
agrees with dim112411

2 LinearTransformations

The construction extend that of a linear transf T R IR

Definition Given two vector spaces V W and a function

T V W E Tae kits'mWl
we say T is a linear transformation if

11 T IT E Tiu TLE forany ancton I ImV
av bmw

Rl T É c Tat for any I in V C anyscalarbut binW
In short T respects addition a scalarmultiplication ie theoperationsdefining

rectorspaces
Remark T E Ew if T is linear

Proof take c o in 41 use O F Of O TIE Iw

Examples T Pz Pz is a linear transformation



1 4 87,1 fitsix k I fail a fix

Explicitly That a xt az x't as x a 292 393
2

MPs in Pa
Note At the levelofcoordinates Ig Ey

is alien
Twith respectto standard base transf

frP3 R R IRS

V W P3 T Ps Ps givenby TIF x fixty
Tis a linear transformation

1 T ft Stix Ifts x til fixty Sixth T f
x Ifl

127 TI f ex KDixti c fixtil TIG ex

Explicitly Tha ta x tazx ta x a ta txt taz xx asixth

Go ta x tilt 92 x'tax ti a x't 3 7 3 1

19 ta ta tas 19 292 393 x that39,1 79

Note At the levelofcoordinates ta 292 393with respectto standard basis
forPz 93

This is a linear transf IR 1124


