
 
Lecture XXV ill Ss5.7 LinearTransformations

5.8 Operations with lineartransformations

Recall T V W
linear transf

NIT 35mV TIE OWS subspaceofy
INallspaceoft I

R IT 35mW I TIE to someEmv
subspaceofW RangeofT

1 One To One Onto

Def T is one to one forinjective if TCE TIE implies I I
Def T is onto forsurjective if everyelementof Waves from someelement at
ieRIT W Equivalently rank T dimW

Proposition T is one to one if and only if WCT 30 4 nullitythot

Reasons Assume Ti s me to one If I m Nlt then TIE Ew Ta
This forces I OF We conclude NLT 3OTE

Assume WIT 1 3074 a pick I I with TIF TIE Then

W TIE I TIE tenth TIE Tai Ttt
TIE E so I it in With lots

That means I Fa I so I

Keyexample Takingwords Fix Vvectsspacewith basis B ti of
Let T I RP

I wordsof I relative to B

If I a ti taavi t tap up then E r fpIop T is a linear transformation I to t andonto
I last timeI

To show T is i to 1 it's enough to deck NIT 3El
By construction F a means E O T t o Et to Ip

It É t of a



so WIT SEE
T show Tonto Ep Tie where E apit app
So any rector in IRP is in RIT

Invertible lineartransformations
Fix T V W a linear transformation

Definition T is invertible or an isomorphism if T is both i to

and onto

Reason Tis i to 1andinto it and only it every I in W comesfrom

exactlyone E mV

In otherwords for every 5mW there is a unique Ein V with E

So we can define a return to sender map S W V where

S tw E it E is the uniquerector in V with TLE at

It is clear that 51 TIE E for every Fmv
TCS IED D Tin W

Proposition S is a linear transformation

Lot111 If I we are in W and S Wi Fi Siwa I
meaning TIE I and The wi then

TIP E TIE TEE I WE

This means that S twi two Fitr Scent Siwa
4 S cat CST is clucked similarly

S IE E means TLE D SO TICE cat

meaning S ICE CE C S IL



Example OT R R linear
x 2x

S R IR
y to x with Txpzx y so x

Conclusion S IR IR is the inverse tot lit'slinear
y y

T R R for a fixed nxn matrix A
T AP

Q What can we say about it if Tis invertible

Let NIA NIT 3Out so A is non singular
ate BIA R ITI R wrk A u

Both conditions are equivalent to A being invertible

Conclusion T invertible means it is invertible
The inverse map S R R is given by

5 I with AF p
multiplication by the n xn matrix A I so it's alinear map
Indeed AI 5 gives A IAF A y

A A I A I
E In I A y

53 Identity Transformation

Fix a vector space V
Definition The identity transformation denotedby Iv V V is

the linear transformation Idr E F for every Ion V

Ourcalculations in 54 Show



Theorem Fix rector spaces V W a linear transformation T V W

The following assertions are equivalentto eachother

1 T is both i to 1 andonto

k For every É in W there is a unique I in V with TIE
4 There is a linear transformation S W V with

S Tip P for each I m V So T Idr
T Sca É Im W To S Idw

imposition

4 Composition ofLinearTransformations

Assume we have 3vector spaces and a linear transformations

T U V Ta V W

We can ampere these just as with ordinary functions ofinviable
To T U W read fromright to left applyT first

and then I
IoT II I IT m

ur
MaytonU

Example

T Py P T2 Ps Matz
f f Ilatbixtex't d x I
linear linear

Tao I ao ta x taz x ta x I ao ta x taz x 79s X

Ta g t LEX 293
2 a 0 292

9 b c d o
393 0 0



Sss Addition ScalarMultiplication

Just as with matrices we can addtwo linear transformations
between the same vector spacesand Scale a linear transf

F V 7W liver
my Itf V W linear

G V W
G 15 Flat GCE
Is all Emv

F V W linen CF V W linear
a scalar F IE CIII 119

Examples F Ps Ps Fip
G Ps P G p Pex

Fl a tb x c x't d x b tax sd x2

Gf a tb x tax't d x a bit ex dx

So G I axbxtcxztdxsj btzcxtsdxsta bxtsxld.es

fath 12C b x Ictsd Rdx
is linear

Eg I linen latthelerd of
standard words in Ps

F sat by tax't d x 35 6 x 9 dx E Gg


