
 Lecture XXIX Ss 5.9 Matrix representingoflinear transf

Recall T V W linear transformation is

i to 1 if N T 30v6
onto if R ITI W
invertible if both i to 1 onto The inversemap S W V

is defined as S y I it Titley
Key fact S is also a linear transformation

I v e ti w

SITE I frallimV T Siu Its all omw

Define 3 operations I Y Fto E Fatale
scalarmultiplication LF V W KFlight
s amposition VE V w Gothia.IE

TODAY Build matrices representing lineartransformation
see how these matrices behave under3operations

IDEA Limantransf choiceofbasis mxn matey Th
t V W jogYu m din W n dmv

1 Matrix Representation of a LinearTransformation

We will proceed as we did for T R IR linear

Fix V W actor spaces with dim Ven dim W m

Let B 351 54 be a basis forV
C 35 WIE W

Given a linear transformation T V W we get an mxn

matux A as follows



Tip anwi t az wit t am WI

tie anti tant t tamaw
m Af'd I

aim
amnT in annuitant t tamati

Name A matrix representation of T relative to thebases

Bol V C ofW
Notation A TIA coordinatesof tip relativetothebasisC

Observe A Tag Tien mxn matrix

in IRM inRm
Columns of A are the coordinates of TLE relative to C where

Ji is the ith basis element in B

Example T R Rm dinner B C standard bases m IR R

then A Tie Tien

Key TIE c The E can read d NIT
mat man nx RIT fromthematrix

Examples F Ps Pz Fip
Fl atb x ex't d x b tax sd x2

Take B 31 X X X E demP3 4

demPz 3
m MBC 3 4 matrix

C 3 i X XY
F Il 0 Fix 2x

Fink 8
FIX I

Jc my f
Fix't 3

2

Fix'll



andude F1 88
Flats x tax tax b texts dx2 us I É

lil 1 II
G Pz Pz Gf a thx tax a bit ex

Take B C 31 X X'd
Gil I Glx X G x2 X

Glide Grief 61 4 19

colas 1 a 1 1 1 I
dim 2 2 4 den 2 1 3

F Matza B F ad at lb c x tax

Basis for Matz B En Eia Fa Eazy En 118 etc

Basis for P2 C 31 X X't
To compete F Bc 3 4 matrix wehaveto write FIE FIE
interms of C

FIE FIC ox tix x'm Finn 1,8

Fitial F 8 g It
to x x m Fitial 1

Fl Eal F 1198 to x x Fit D f
Flea F 1189 5 x tox i Fifa



conclude F 8

Observe ad Matz F Pz a taixtazx

T G in
any

inv H I Get depend
mom choiceof

f A 113 E
bases Bec

HoFoG

Hots
E Hot ad H dtb dxtaxy.sk

In El.cl 1 5 1111 1
Sothebottom remap 1124 IR is multiplicationby F Bc

Ex F 34 9 i i i x 2 2 4 2 2 2

Elaine 111 19 11
F Kills

z Propertiesofmatrix representations

Fix Tib Wdm

linear transf basis Bu toV BwGW
Then for every 5mV we have

TLE Jaw Tewa E Br
m Xt Mxn Nxt

In pictures V Is W
lat
R Bwa f Bw



Proof Write But 35 evil Bw twin swim then

E Bar TIF 1 Bw TIE sw
istaf nthcol

Write I a I taste t anti then using the fact that

Jaw is a linear transf weset

Tallow a TIF t tantara Bw
a Tiki aw taz Tiki wt an Trelew

isthe day n lol
Drury MBwBr

T
E thus Els r

Addition a ScalarMalt T V W I b W cruel
number

Titta
BwB

Ti awe t I swBu

CT
BwBu C Ti BwBu

Composition of lin transf Matrix multiplication
Pick linear transformation F D

G U W

basis Bu Gu
Bu Is V
Bw low

Assume dem Ven din V k dim W m

Then Got O W satisfies
a
composition

Godown G
Buy

Ettjypitaniatin
mxn mtk EXE

Reason The LHS satisfies G own F Bubo É Got
Bw



because G own F Bubo E G
suBu F Bubo E

so

G
ow Bu Fiallo G Fini ow Kot aw

T V W lemon Bu basis for dem Ven
Bw W dem win

then V T W

E
Buy y pal I multiplication byA Meen

A DewBV
We can compute With RIT by working with A

Iop 11 E in WIT if and only if Els is in WIA

121 E in R IT Cut sw is in RCA

In particular nullity IT dem NIT dim N A nullity A
rank T dem RIT dem RI Al rankAt

Consequence Rank Nullity Theorem fort
Fs Matias rank 1A nullityIA Cols A

In T V W

linear transf
mend IT wellity IT dim Iv

Consequence T U W lemon transformation dunkin
dim Wem with bases B to V C fr W respectively Then

Tis invertible it and only if Me is intertitle in particular
men Furthermore we have T

Be LT


