
 
Lecture XXX 56.2 Determinants

Q What are determinants

I Fr every nee wedefinea function idet Matan R
Miain properties A 1 diet A

ditIA is a polynomial in the entries ofA
A is singular lie non invertible if and rly if dit A o
we saw this for 2 2 matrices DeterminanttestsInvertibility

dit is multiplicative det IAB detA dit B

det is compatible with elementary row operatives wecantrade
changes

If A is upper triangular ie A É then

defA a azz ann productof diagonal
entries b o's belowthediagonal

In particular dit In det Ig IifaLet At detA

We'll see a way to compute let A via row expansion says we can
also compute it by expanding by columns

2 The 2 2 case Base case for a recursive construction

A 91oz 2 2 me det A an922 91292

We duck the 6 properties in the 2 2 case
LetA is a polynomial inthe entries of A
A invertible itand only if at IA to I A Ia fIf ut A so then it E an proportional sold hence A issingular

at ad at art's aftbln Ket's lastd4
cetdfKh tbh cetdg elect aedh t bgeftHh aye afdg

thee by fad bet he gf be ad fad b teh gs det 1 detlef



Next time 56.3

at 483 ad b o ad

at g
t dit gs ad is ad be dit

3 Formulas for Largermatrices

Recursive approach Define det for n xn matrices using determinants

of submatrices of size in 1 x in 1 starting from n 3

These submatrices are obtained byremoving row I eachofthe n

columns of A one at atime Name Cofactormatrices

Note that this is what we did todefine crossproducts in R
General Cofactors

For each si j t we if
Yuan taken

in 1 matrix

Mij delete row i adj from A

Eg A I 2 i m My 9 Mai f Miz1I 3 97

Det Ai 11 t
dit Mi Thesenumbers are called

cofactors

Definition det A a Ai ta Ai t t 9 inAn forma
expansionofdet along1st row alternating signs

dit a a Intl

Remark This definition is recursive in nature Base case is n 1

Check 2 2 definition matches the old one

at g a l 1
t dit d t bl i t detic ad be



Example1 A 11 4 3 3

Mi 94 m dettli 0.7 93 12 A 1 1
t atMi 12

Miz 3G m defMiz 2 7 1 6 18 Aia I i def1712 18

Mis Ig is defMi 2 3 0.111 6 A 1 1 det17,3 6

So detA at Ai ta Ai ta Ai l l 12 21 181 1 6 1236 6
42

Examples A 1 2 02
I 2 3 1
3 2 1 0 don'tneed to
2 3 21

p
ampulethis

1 2 31 det
1 2 02

y o at
1 2 02

detA at
I 202

I 2 3 I I 2 3 1
3 2 I 0 3 2 1 A 3 2 1 O
Z 3 2 L 2 3 2 L 2 3 2 L

2 Let I 2 02
I 2 3 1
3 2 1 O
Z 3 2 L

at 3.35 2 at I 3 atf.gg tidetf3

i ng s z t l 4 3 2 6 7 15

at
I

eat sat at is
l l l 3 1 3 I 1642 1 9 8 18

atf wtf sat is
I 1 4 3 2 6 2 319 4 7 16 15 6

So detlA 1 151 2 18 2 6 15 36 12 63



Observation Since the definition of determinants is recursive anyclaim

aboutdeterminants is proven using an induction argument meaning

check it for 2 2 Case BaseCane

assume it for in 1 x th il cease durch it for In xn caseusing
IInductireSteph the previous cases

Proposition 1 If 1st column ofA is 1 then detal o

Proof Let 813 0 so the claim is true for axe matures
It A has size man then

at A out audit
f ina a n n

a auf t 1 attaint on an

I 1
in it x in 1 matrices
with 1stcol f
so by n i x in i case

thesedeterminants an 0

Conclude det A 0 to 0

Property2 ht 18 IIjj on are ann I productofdiagonalentries

Proof Use Proposition t induction

zxz case at 8 a d b o ad



Assume su y a tu i cease use definition

at A an atf's Iii and
Ei Iii

t

imperiously

c is't at
Ei IiiD'tistalt

an at fi.int an

otI
thtt

In 1 x th 1 case
911 922 Ann


