
 
Lecture XXXI 56.3 ElementaryRowOperatives determinants

Recall det Matan IR
A dit IA anumber

Recursive definition

n n dit Ca a

azz let 11 an Ant an Art tain Ain
signsalternate

Aig l e J dit Awithoutrowiecolj
X 1 x u 1 matrix

E e dit ad ad be

A I det A o A is singular
Col Col3 2612

let A I set Ig 2 at sat

I 145 48 2 36 42 3 132 35

11 3 2 1 6 31 3 5 12 9 0

Properties V0 detA is a polynomial in the entries ofA
A is singular i.e non invertible if and rly if dit A o

DeterminanttestsInvertibility

dit is multiplicative detIAB detA dit B

det is compatible with elementary row operatives wecantrack TODAY

changes

If A is upper triangular.ie A É then

defA 9 azz ann productofdiagonal
entries b o's belowthediagonal

4h0 It A is lower triangular A Eia then

9hdefA 9,912 ann



In particular detIn det Ig jeans
Let At detA

Remark Recursive formulas in Inducteeproof Basecase ne

is KEY to show will beused in

51 Elementary row Operations

INPUT n xn matrix A retention OUTPUT nanmatrix B

Q How are def 1B def 1A related

A Operation det B NetEffect

1 SWAP Exchange def A signchange
2Rows

Ri Rj
E SCALE by 40 a dit IA multiplyby

Ri 2 Ri scalar d

III COMBINE
Ri RitaR gig

det A nochange

Why Use det IAD det A use column operations insteadwith

thecofactor recursive formula

I SWAP A B det swapssign
RieRj It51

HE at fans ad se us at y ab da detail

14ns As 1 a A 141s 0 24 1131 1 It
I mansion I

Ra Rs B f at B at E o 124 11971 18571237



Ri Ra B 114 at B at 11831 at 13311 24 1 3
8 15 6 2 4 8 1 8 1

Reason behindthe rule 2ways tocheck

i Check rule applied by swapping columns
2 Use det IAT dit IA
3 Show it directly need to argue separately if Row I is swapped or not

Consequence dit itself now o I swap
a repeated rows toset

at Al dettal so d Ato

1 SCALE A B
Ri LR

17 40 scale by a

M E dit yay that d table a lad be hat ad
at 1123 aka bks a lad 5s hat g

A at IA I

R LR B 11 41 4411 0 224 11431 44451441

Re air B 13 34 14 Itis otzatff a

Reasons behind therule dit A an An t t amAin
1 If wescaleRowlbyh we scale ay aim by 2 in the cofactor

formula fordetB
2 If wescale another rule we scale Ay Ain by in the cofactor
formula fordetB

H COMBINE A B
Ri Rita

H
any

memberd no effect

In dt cfa dits aldtab b atha ad bet



a lab ba dit as a at gs at Ifa

A at IA I

RER R B 1 at 17 1 at E o t z at 9
S o a 1 3 I

R Rita B L at 1B eat edit 1,33 9ditty
215 81 I 15 6 4414 3
6 I 4 1

Reasons behind therule Distributive laws m IR
dit 1B dit LA

detlifary
j Rj

dit IA a
detffy dit Alta o ditty

stolen

zryeated rows

53 Algorithm for ambling detA

IDEA Read effect of row reduction operation n dit IA as we

go from A to BEF A

B is uppertriangular so we can compute det B easily
Trace back theoperations to confute det1A using valueofdetB

Example A I compute at A by putting A into its
echelonhoon

HEE.FI I EFII.KIHEEIEEII
tranches at A Rs713 12 at A EditA EditA
EF IA has dit I I E so detA E ie dit A 42



Summary Given A of size nxn

Use Gauss Jordan elimination to put A into Echelon form

A s B FF IA
s k swaps
l scalesbynon zero
numbers Ci Ce

Then det B tyke ce dit A ms beta gifted
EASYTO
TOMPUTE

Consequence A is intertitle if and only if detA to
Reason A intertitle means EF lat

Iliff
sodet B 1

Converse A is not invertible means EF A has last row of o's sodetB 0

3 Det ismultiplicative

Theorem It A B havesize n xn then def IAB det A det B

We saw this lasttime for ne

Ey A at A 2 3 2 9 to

B it at B 2 3 1 to

AB I 111 1 11 1 at AB 141 7
Consequence It A is invertible dit A ga
Q Why is the product formula valid forarbitrary n

Special case If AB is singular then A or B are singular HW

Consequence at IAB defA detB areboth o



Lemma If A is singular B is any nxn natux then AB is also
singular

Reason In issingular ifandonly if Cis Recall KT K YT
a LAB t STAT if A is singular so is At
If At is singular then B'At is singular pick to with
ATF D Then BTATEBTIATE BT 5 8

So BTAT is singular Pies in WIBTAT In particular

AB BTATIT is singular

Proof of the ProductRule
111 If A is singular then AB is also singular so i

def IAB o o dets defA detB

41 It A is invertible then A now In by a sequenceof
row operations Bdt A dit In I so B to
BUI The same row operations give AB NB so

B dit AB dit B Conclude dit AB IdetB detAdetB

Optimal Row operations can be viewed as multiplying on the leftby
particularmatrices R Rs BR if s elem row operations

a case A q I Y Ed aid R Re

18911 1 19 3112 are 627 1 19 3 trend

69119 atcha byd IR Rita Ra
1297 E'd Lega as Ra Rata Ri

So if A Tow In by RA In for some specialmatrix R IR A
Then AB N B because RAB B


