
 
Lecture XXXII 59.1 9.2 Eigenvalues Eigenvectors

59.4 The CharacteristicPolynomial

1 The EigenvalueProblem EV Teigen self in German

Fix a vector space V leg V IT a limontansformation

T V V

Definition A non zero vector it inV is called an eigenvector of T if
Tif XI for some scalar X calledtheeigenvalue of E

Ex T IR IR with T 151 AI for some uxn matrix A

EVProblem Find It 1 x with A ftp.tEl
then

Equivalent formulation A E XE

A In 5 1 rel
EVProblem2 Find X number with N A In 31
Name E N A 1 In eigenspace for If spacedall eigenvectorswitheigenvalued

Equivalently find X where A XI n is singular Inn intertitle
Advantage We can use determinants det C to means C is singular

Definition The characteristic polynomial of A is

Patt det A tin wtf agree n polynomial
at

Observations 1 XA t is a degree n polynomial in t with leadingteam ti

2 Eigenvalues roots of XA us at most nof term
countedwithmultiplicity

EI A 5 m PA t It Y HH H G E St 6
It 21 H 3



s 2 Examples

A Eg Eigenvalues A 63 218 A 97 19
2 I are eigenvalues

Patt htt It ft a t i t i t sttz

upperA
root 281 m only eigenvalues

E NIA II NIL I NK SPLD
Ee NC A 212 NILE 3 W 1891 SPIN
A Eigenvalues in Xalt dit t
So I is theonly eigenvalue doubleroot Y H
E NIC N 1883 SP diner

A I Eigenvalues

Pay det stiff f H l i t 18 t at 3

Roots Use Quadratic formula t't bttc so notgbt
tatts so hasroots 141 112 1 4111 4 1

us 2 eigenvalues I 3 simpleroots

El N 83 Spy 81 8 1,1 8 a ax

Es NIL self 181187 4 1 a

dimE dinE3 1

Obs B 4 t 4 4 is a basis for R in the basis

T R2 R2
a Ap

has matte d BB 189 diagonal

TIF 35 Tira E



Eigenvalues can be complex members 59.6

A Ed tact ht tf t hesInfots
Over the complex numbers it IF i

A 33 Patti at it It R H't
that 15

t at 15 0 has solution to 91143201 4111 41,1
L Ii

2Why solvethe EV problem

Diagonalize linear transformations T.IR IR 547

Find a basis B 35 til of eigenvectors
In allowing repetitions

Iap 18 diagonal matrix representing T

last example

Solving differential equations MATH 2415,2255

leg T F Je when T
f dy

differentiable functions in variable

has eigenvector fix ex If ex

Calculating powers of matures A A A A

EI Fix a graph G A adjacency matrix 3 3

aij edgesbetween i jA If A 1 wintrypathsoflengths between
j

Al Aiff Cis entry of pathsoflength l betweniej



If A is diagonal then At jazz ge is easy to do

If A is diagonalizable meaning T E A F is diagonalizable

we'll see that Al is also easy to compete

3Propertiesof Eigenvalues

Properties Fix an n xn matrix A

A has at most n eigenvalues countedwith multiplicity
Why eigenvalues roots of Patti Patt hasdegree n int

If X is an eigenvalue of A then X is an eigenvalueofA

Ifs k 1 2,3

Why AE DE inflies A E A IAF AXE TAI
Similarly AKE A IAE A HE X A E XXk E x e

If A is invertible X is an eigenvalueof A then x O

Yy is an eigenvalue of A
t E IA I I IA

Why If 1 0 is an eigenvalue then A E 05 8 for sunt'td
so N Al 304 meaning A is singular This is a contradiction

Now AF E fr I to
Multiply by A in the left n both sides

I A AF A II I A E
so IF A É So I is an eigenvaluefor A

This process can be reversed so the eigenvectors are the same



Then E A Ex 1 IA

A At have the same eigenvectors because PatPat t
Patt dit IA In det11A EI t dit At EI PATCH


