



































































































Lecture XXXill 59.5 Eigenvaluesand Eigenspaces

Recall Last time we defined thecharacteristic polynomial of an un matrix

theeigenvalues eigenvectors of thematrix

A ux n matrix runs characteristi polynomial ofA
hiii

Patti at 1a ti off I
degree n polynomial in t

Coefficient of t ti

X is an eigenvalueofA
A E de fo someE Op

C Pal x o

Id is a root of PA
E Iv 3 E in R AE JEE NA JIN eigenspace for X

A A degree n polynomial has at most n roots 1 butthey can be
complex or real Root come with multiplicities

PA t l i I t d It ta It Jn

Eigenvaluesof A hi Xz Is I n trial ramptext
9.5 54 6

Algebraic multiplicity of d numberoftimes X appears in the list
i ta yXuGeometric multiplicity ofd dem Ex A

Proposition Geometric multiplicity Algebraicmultiplicity
of X of 1

ExampleS in A Pait dit tot I 11 tht D

I eigenvalue d t m algebraic multiplicity 2






































































































E A N A Iz N 186 sp y i

1 1 has gunntricmultiplicity I dimE A 1 2

na
fi

Patti dit
Y n t at sty ott a atf t

Y H Y H I H 3 213 13 t
i t test 13 s at that that at
test Gt the state tht 2 It 3

m Eigenvalues D 0 2 3 all with algebraicmultiplicity
E 1A W A 01s N A sp

I tmall.i.it nl l l
1 FEI Fi

Eclat d IA c Is N H sp f
TFI Free Fisa tho

R RTR R R T P

HEE L

Es IA N IA si N H I sp Il
All geometric multiplicities are






































































































Definition A is defective if it has an eigenvalue d
with geometric mult x c algebraic mult ofX

t strict

Note Example it was defective 14 was not

Q Why is this relevant

I When A is non defective then 112 has a basis consisting
h Xh

of eigenvectors forA twe'll see why next time

Example above A 11 is un defective

R has basis B 3 Y Y Y leisurechiefsAl

eigenvalues O Z 3

DI An nxn matrix A is called diagonalizable if IR

has a basis consisting of eigenvectors fr A

Q Where is the name diagonalizable coming from

Recall A determines a linear transformation T R IR
I AP

It A is diagonalizable we can find a banes Bar R
B 3 I É til ofeigenvectors

Eigenvalues Ji ta da I possibly repeated

In this situation TIE dirt so This É






































































































TIE stave so The etc

Conclude TI
ga

i diagonal

Notethat A Me where I set El standard basis for

Q Howto relatethese 2matrices
order is important

A Write 5 15 ti Iput the basisof eigenvectors
as columns

S is invertible because cols are tin indef

Claim 5 AS ligament's AS51
Why Compare Columns of both AS Sf
Col AS A Gl 157 AT dir Col 14 it in Ex Al

lol IAS All 15 Ave dare lol Is i
Same is true for the restof the columns

Conclusion A is diagonalizable if we can find an invertiblematrix

S such that S AS D is a diagonal matter
In this case Columnsof S basis of eigenvectors ofA

Entries ofD Eigenvaluesof A






































































































Example A 151 Patt dit St if 1 t at 3

H s t Dd l s are the only eigenvalues bothhave algmalt 1

Last time E IA N FI sp f
Es IA WI I Sp E

Germ melt of 1 D is also1 so A is notdefective
B 314 i is a basis of eigenvectors su A is

diagonalizablehi so 5
Is Kyi El D

mo s A S D 1
Advantageofdiagonalizablematrices computing power is easy
D i is D i D D't

y

SAS D m A SD 5

A Is DS 72 15DS I ISD 57 5
DEEDSIS D 5

As IS DS I SD S Y S D 5 SD's S D 51

In general Ak S D's D I franks

Example A 51 D 5 141 S ELE

A S D's 41 o 1 1 2

Nexttime We'll see why non defective matrices an diagonalizable


































Properties of eigenvalues inHW10

If X is an eigenvalue of A then X is an eigenvalueofA

Ifs k 1 2,3

If A is invertible X is an eigenvalueof A then x O

Yy is an eigenvalue of A
t

E IA I I IA

A At have the same eigenvectors becauseP.at Pat1t
It x is an eigenvalue of A B is any member then

pts is an eigenvalue of Ats In
Why At de Ito

MBIIÉIÉIÉ s t I E so it is an eigenvectorwith

eigenvalue Itp
Example A L Patti X X 2 H s

A singular 11 0 is an eigenvalue

03 22 3 ere eigenvalues ofAZ O 23,33 are eigenvalues of A

Eigenvalues of A 51 III
are 0 5 2 5 3 5

5 3 2


