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1.1 Overview

This is part oneof a very intense year longcourse in AbstractAlgebra We'll cover

Chapters 1 9 15 from the textbook

Topics 11 GroupTheory examples morphisms quotients operations in groupsor
howto build new groups fromold mes groupactions in sets Sylow Theorems

classificationoffiniteabelian groups specialtypes solvable nilpotent weeks 1

12 RingTheory structural results ideals morphisms quotients

operations on rings Neltherian Artinian rings examples PIDS Euclidean UFDs
Quadratic integer rings Weeks 8 12

B Polynomial Rings irreducibility criteria symmetricpolynomials

Flilbert basisTheorem Grobner bases Weeks 13 15

reading Homeworks I 15 12 in total dueweekly lowest scorewillbedropped
Midterm I 115 Tuesday 9 17 HW 1 4

2 115 Friday 10 18 HW4 6
3 115 Tuesday 11 19 HW 7 10

Final 40 Thursday 12 12 10 1145am Cumulative includingHWII



51.2 Definitionof a group
2

Definition A group G is a set together with

a function Gx G G called the groupoperation
to multiplication1a b

justnotation
an element e E G called the unit element or identity or

neutral element

satisfying the following properties
11 Associativity of the group operation

a bl a lb c forevery a b CEG
use symbol

A e is mutual exa axe a aEG

B Existence of inverses for every a E G there exists bEG

such that a b e b a

In symbols aEG FLEG a b e b a

Definition IG e is abelian or commutative if a b b a

fr all a bEG

Notation b Inverse of a is written as

b a if is not commutative I think of as multiplication

b a commutative I as addition
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1.3 Some Examples

Recall Weneed a set G a binary operation in G aneutral element

EXAMPLES

11 G 21 setof all integers 1,0 1,2 abelian

a b a b lusual addition e o

Inverse of a a

12 G R set of all positive real numbers labelian

a b a b lusual multiplication e 1

Inverse of a

Note G so is also a group with the same operation

NON EXAMPLES

111 G R with a b ab binary operation
ebln a
Euler's constant not group unitelem

ISSUE aab a is not associative

a tb c a
c at

la b C table age
these are different in general

Example a b 2 3

alb 243 28 256

ab 1243 43 6H

12 G RU 004 a b max 49,64 e to

ISSUE No inverses except for a 0



4
EXAMPLE of a non abelian group

G GL R set of 2 2matrices with real entries non zerodeterminant

group operation matrix multiplication

e
f 9 identity matrix

Inverse elements atsc at

Check A B B A for a suitable pair A B E GL IR
A B 6

AB BA

1.4 Uniqueness properties

Lemma 1 Neutral elements on groups are unique

Proof Assume e e are two neutral elements on a Group 16,4
Then e exe

I
e

e't'smutual e is neutral

Lemma 2 Inverses in groups are unique

Proof Pick an element of a group G I assume 9 y are

both inverses of Then

y y e y y y x y e y y
e Neutral y inverse

Afsoc
y
Insuse dental



Lemma 3 If IG el is a group EG satisfies X X then

L

Proof e IX x X e x Ix
inverse hypothesis Afsoc e neutral

1.5 More examples

Sometimes groups are given as symmetriesof a structure In these

cases associativity is automatic

EXAMPLE 1 Symmetric groups

Structure a finiteset 3 2 my
sme positive integer

symmetries bijections on X J X

Notation Sn symmetric group on u letters n Gn

Sn set of all bijections

group operation compose two maps

X 6 5 600 write 60

Hence Sn permutations of a symbols

E Isn number of elements ofSu

n 1 1 2.3 n

Ey 53 has 6 elements For instance I I 641 3
612 1

013 3 6 3 2
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Various ways ofwriting permutations

1 2 3 4 5

44 4 I
ES a

4 3 12 5 1 line notation

cyclic notation 5 11423 E Sy means

iii
We distinguish on line notation from context

I 2 3 45Example in
y y y y

is 142 3 5

12 id on Ss is 11112 13 a 5

Remark Usually we'll omit cycles oflength 1 inthe notation If we
do so we need to remember then

Eg 1423 in Sy is 1 2 34

it
114251 in 56 is 1 2 34 56

it
identity will be written as product of nocycles


