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Lecture II Moreexamples Subgroups

Recall A group is atriple G e where G is a set GxG G CEG

satisfying 111 Associativity la b a lb c Ha b CEG
2 axe exa a aEG

3 Inverse of elements aEG 74 6 with a b b a e

Properties La b b a a a a be G

Cancellation laws a b c b a c

b a bx a c

Definition The order or size of a group G is its cardinalityWrite G

Example Isn n 121 a

52.1 More examples

Onesource symmetries of a structure

EXAMPLE 1 Sn permutation orsymmetrin group on n letters

EXAMPLE 2 Dihedral groupDan ne non negative integer n 3

1 Sme books use the notationDu for this

Structure a regular n gon
symmetries permutation ofvertices so that the shapedoes notchange

ie edgesof the n gon are preserved
3

Ex n 3
s I Do

I 2 3 3

reflection about dotted line



2 4
9 3

g
I 1 is not in D8 because

2
6 A

1 2 4 4 3

Proposition Dan 2n exactly an symmetries in an n gon

Proof Label the verticesof the n gu counterclockwise as above

If TE Dan Tim E 31 in has n options Say 511 k

Now 512 has only zoptions k 1 or kti helices connected to

the vertex labeled k Once this value is fixed the rest is determined

Ex If 512 ktl then 5137 4 2 modal etc

If 512 k t 5131 k 2 modal

A group can also be described by generators relations

EXAMPLE G fu 808 4T
generators

As a set G consists of words in the alphabet 39,54 2symbols

Including empty word

Ex as b abba EG b b b

In general w EG has the form

W am b a b and the

experiments me me me hi ha he are integers

contention a b are omitted emptyword



Group operation concatenation subject to onlyne wkat.ms
xl te

for x arb

W abab

we b 3
wind abab b a

3 abab 3

wzw b a bab't b a bat

2.2 Subgroups

Definition Let G be a group and H a subsetof G Wesay H is a subgroup

ofG denoted by H G if 11 CEH

4 a bett a bett Hisclosedunder

aEH a eH H isclosedunder inverses

In otherwords H inherits a group structure fromG

Lemma H E G is a subgroup it andonly if

1 H

Iii 9,5 EH a b E H
Proof It HEG then eeH so H Thus as holds Nextwecheck Iii

sick abEH Sincebett then b EH byB1 Using12 for a b weconclude a b EH

We check the 3 properties

11 Pick aett weanby X Then a a EH by So eett

131 By 1 we have e aEH exa a EH
2 Assume a belt Then by 13 b EH Now byXD a bEH yield
a l a b EH

Q How can we build subgroups

A Subgroups generated by a subset



Definition Let G be a group A G a subset ThesubgroupofGgenerated

by A is defined as the smallest subgroup ofG containing A Wewrite it as CA

Lemma A A H Convention if A CA Le

If tinal subgroup

Proof It's enough to show that intersection ofsubgroups is a subgroup

Definition We say A generates G A is stiffenteratorsofG if A G

We say G is finitely generated if finite set A EG which generates G

Examples Anyfinitegroup ie 161C is finitely generated

Sn is finitely generated

Cyclic notation shows every permutation is a productofdisjoint
cycles so Sn iiia in 34 height ne

2.3 Cyclic groups

Definition A group G is cyclic if it admits on generator ie G 394

for some at G Write G a

so G e

There are two options e a a is infinite
is finite

Option G is the same as 2 to be made precise later whenwe

In discuss group homomorphisms

Option Let k be the smallest positive integer such that a e a a _a

Then akee Otherwise a at loceck a all eat
CancellationLans



so ah l es e a and Ock lick

This contradicts the minimalityof k

Conclusion G e a a a

ere z 35 T I kt with group operation a 5 att
remaindermodulo k

Ourcalculation gise a fullclassification ofallcyclicgroups
or z for 6 1,23,4

onlyinfinitecyclisgroup finitecyclicgroup


