

















































































































Lecture Presentation of agroup Generators forSn
Recall A non empty subset HEG is a subgroup H G if a bett a 5ft
Ggroup A C G wewrite A subgroup generated byA

smallest subgroupof 6 containingA
non uniqueness

Definition We say A generates G A is setofgeneratorsofG if CA G

We say G is finitely generated if finite set A EG which generates G

Cyclic groups groups admiting one generator

ms Classification 2 2 2 for 6 1,2 let Ces

3.1 Orderof an element

Fix agroupG

Definition Fix a E G The order of a abbreviated as old 19 V34
is the smallest positive integer e such that al e

Example or dial means a e

ord 1a a means 94

Remark If a b EG satisfy a b b a then

ord a b 1 c m Lord lal ord161

In general product of elements of finite order need not havefiniteorder

3.2 Sn revisited

Q Can we find a nice setof generators forSn

Proposition Any permutation canbe written as a productof disjoint cycles

eg 1123 195 145 1123 represent the permutation




















































































































2
Claim Anycycle is a product of 2 cycles also called transpositions

Pff si iz 2k Ii ie iris fine in 12h in

a Typical k cycle

Notation Tij Ii transposition switching i j
Proposition Sn is generated by Ti kicj ny II elements

Proposition3 Sn Ti it I i n I n t generators

Pictorial proof i i i i
read crossingsfrom

i a I topto bottom write
fromrightto left

We rearrange the strings to see onlyone crossing perlesel
We label the crossings by indexof a strings above preserving

themafterthecrossing X ij
We writedownthe crossings from right to left reading fromtop to bottom

Example I
1123 112 123 I

123

I 2 3

112347 I P

I 2 3

134

1127123 39

1145321 I
10 1397123 195 112

i poi



KEY Show that in the construction the only transpositions featuring
3

are T2 it Exercise

Conclude that Sn Ti it I i n I n t generators

53 3Presentation of a group

Q Howdowe write cyclic groups
A In terms of generators relations we writethem as

G
g

a e
k o 2

sens relations
K 1

list of all cyclic
groups

To present a group is to write it as generators relations

92 I re re V3
More

precisely G

fapaet nations

mn

G consists of words in the alphabet 391,92 eg as'a a

A typical word w x2 Xe where X1 X2 e E 91,92

ri ra r are words in the alphabet 39 az
the

NeutralElement e emptyword

Operation word concatenation subject to thetrivial rules
4ᵗʰ

p to Esa _air k If 2

Whichwe ommit from relatives plus extra Rules r ee ra e
relations

This means if one of rj appears in w say w W rjwe then w w wz

QUESTIONS How do we know the rules are consistent

How dowe recognize a group from such a presentation

This willbe answered more precisely when we introduce normal subgroups quotients



Example Let G a b a b's Note ordlalez ordeblez 4

Then a e gives a ta b e gives 5lb
Conclusion exponents are Oct 1

A typical element of G has the form 9h
these have infinite
order if length311

3.4 Issue with group presentations

A trivial group can have a complicated presentation

Example G x y I xy y x yx x y e

Why xy y x y 1 5 y y Xy4 y y x yox

y y y y y y y y x

go y x 1 981 y x y2x y x y y y x

y
2 218

Similarly 348
3

427

Indeed 398
3

148 7
1

y
8 1

1 99 x

y xy x g y g x g y xy x y y'xx y
Relation yx X y gives yx y thus

y x y9x5 fyx y y yx y y 5 y

y _e

New e y 1 123 73 1 11 243 go
83



5
xy y x gives g e

But y y e gives ye
To finish indation yx x y gives L

NPhard

Lbs This example illustrates the difficulties underlying theWord

PROBLEM in groups Algorithmic question proposedby Dehn 1911 Howto

decide if two words on a fingen group represent the same element


