
 
Lecture V Cosetmodulo a subgroup Indexofasubgroup

TODAY First attempt to defining a quotientof a group by a subgroup

55.1 Cosetmodulea subgroup

Let G be a group and H G a subgroup

Definition For x y E G we say way if x YEH L for left

Proposition is an equivalence relation on G

Proof We check is reflexive symmetric and transitise

111 EG XN since x e EH so is reflexive

127 If way then you Indeed y EH implies y EH
because His a subgroup But y g EH means you
So is symmetric

13 If nay and y yz then y E H and y ZEH Multiplying
bothelements we get y 15 t 2 EH because His a subgroup
So Nz by definition Hence is transitive

Define Gnc set of equivalence classes in G modulo n

We call it the setof left usets ofG modulo H
Moreexplicitly an element of G H is a subset C EG st

x yes y ie YEH
We typically write C as x for any E C

Q Howmany elements does x have

Lemma Let C E G be an equivalence class modulo ne Pick EC Then

the set map H I C is a bijection

xh

Proof h so Im E C 1 is welldefined



I is injective toneto one hi he xh x ha So hithz
is onto surjective given yEC we know ray so y H

Write h x y Then
µ xh xx y y.ie ye Image II

Corollary Every equivalence class C EG of isof the form H for
some X.EC

Note Thechoice of is notunique because any EC gives H
Thus a choice needs to bemade

H yH as subsets of G y EH

As G breaks into disjoint union of equivalence classesmodulo weget

Lemma For any choiceof representatises 9 1 of equivalence classes
modulo L we have G

yea
9 4

stands fordisjointunion
Here A is a setwith the same cardinality as

Corollary If G and H are finite weget 161 14H HI

Example G Sn permutations on 31 2 uh 161 n

Sn TES I tensen 141 nil
We have a bijection sign 41 in

61N

Tot in T Ting Ten TES so Tiny is the same forall

in an equivalence class

154s n

Example G Dan Cs rt s e r srs r 161 24

I e r r in r 1H in last time



GH SH H 2 left coset of G moduloH
Note SH brⁿlH k o m sH H because H

H rKH

5.2 Index ofa subgroup

Definition Given a group G a subgroup HEG The indexof HinG is the

size of the leftcoset 4H Write it as 16 41
Recall We have the identity 61 16 41 141 when G is finite

Remark G Hl couldbe finite even though G is infinite

Example G Z H n Z D Then G is infinite and

GH 3h21 1h2 4 1 tha z
so IG H n is finite

Sme consequencesofthe identity11

11 HEG 1H divides 161

12 Special case H a for some a EG
1H ordeal so ord a divides 161 aEG

Application If G p 2 is prime thenesey atGiled generatesG In particular
G

z
and so it is abelian

Recall AssumeGisfinite If a bEG aab b a we know

ordaab dam lord a ordbl
Application2 In theseconditions we have ordaab divides dam lord a ordbl
Furthermore ord a b 1am lordia andb if in addition a neb e4

Proof Defim H a b G Since a b b a we know H is an

abelian group Write k ordla b S.la b
k ak bk
eab bx a



4Claim If CEG and cd e then

ordksld.PEwrited
ordlal.mtrfnoercordlel.Thene cd coidldimtr cord c emc of forces

r e so r o since Oercordia

Take c a b n dem lordial ordlbl Then

k bl an be exe

because ord a IN ord b IN So ord axis IN by the claim
For the second part write K ord a b Sola 4 ak bEe
This means a 5k Now casness e implies ak e 5ᵗʰ
By the claim ordla k ord b 1k Thees N k

Since KIN NIK we get k N

Example a b Esn two disjoint cycles Then aab baa
ord la lengthofthecycle a and b lengthofthe cycle b

a A b hid because thecycles are disjoint
ord lab 1cm lordial and b 1

Application Compute order of all elements in Ss
Enough determine the cycle type of each TES lengthofdisjointcycles

intheexpressionof T

Eg t id 11112 3 14 s cycle tyfe It 1 1 1 1

5 1123 45 cycletype 2 3

Cycle Type Order of Elements

It it 71 1 1

1 1 1 2 2 E 10

It 3 3 I 20 TOTAL 5 120

1 2 2 2 5 2 12 2 15

1 4 4 E 30

253


