

















































































































Lecture VI Rightcoset and Normal subgroups
Recall G group H G subgroup

we definedan equivalence relation on G y y EH

setof equin classes modulo Name Left arsets

H EGG

c 1 Right coset

We can define theset of rightcoset moduloH in a similar way
Definition Xyy if and only if yx EH

It's easy to check is an equivalence relation when HEG

equivalence classes modulo r

Its elements are of the form Hx for EG

Clearly Hx Hy yx EH

As before 161 1 1 IHI
In particular HQ 1 1 IG H if G is finite

Proposition HE is a bijection

H Hx
Proof is well defined XH yH y EH

Hx Hy g 1 11 y x H

But y EH f yl g x Ett because HE G

I is me to one Pick x y with Hx Hy 1 Then y_ X y xtH
So 19 x y EH By definition nay so H gH
4 is onto Hy 4 y H yEG
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1 We have G get Hg But this does

LEA A

not mean that gatt Hgj If so g Etl g's so we shout

have fatt Hg
Only special subgroupsH will allow for such identification namely for

normal subgroups

6 2 Normal subgroups

Definition Fix a group Gand H G a subgroup We H is a normal subgroup
and write H IG if EG hett we have hx Etl

Equivalently H IG if for every EG we have H Hx as subsetsof6

In short left assets are the same as right coset

Main point it is only when HFG that has a naturalgroupstructure

inherited from G We will call 9H the quotient group

Examples 111 If G is abelian then every subgroup is normal because

hx xx th hell if EG hett

12 G Free 39,54 and H xyx.ly ix ye G
ZEG him H then zhz th EH it's oneofthegenerators This

gives the EHh H so HAG

6.3 Group structure in 9H
Recall An element oftheset GH is a subsetof G It has the form

gH 3gh HEH for some not uniquely determined SEG

Q How can we multiply two such sets and getanothersuch set

Guess 18HI Is H 18,52 H



Issue Since the definition involves choosing g s itmay verywell not
be welldefined Here is the dilemma

Q It s nisi sarsi is it true that gig figs
A NOT always
For example G 5 H S 5 54 0147 94
8 119 1129 1147112 g because si g 1197119 12 114EH
82 1247 NL 234 1297123 g's gig 1247129 123 123 EH

but 9,5 147124 1142 H

List 147112 2911231 11231 EH
so 8182481812

Everything is ok if H is normal in G

Theorem If HAG then is a group under g.tt gzH si5zH

Proof We check is well defined if HAG

Assume sins lieh si's Then g s Isis
Sets's lieh gig EH

si his

ff.fi naisaHiasisnsisi
Then g H salt g g H is well defined

Neutral Element etl HI

Next weneed to check ett satisfies the properties determining agroup

1 Associativity g H gzH g H SH 18 S H 8129 H

a m

152153 H 1815214 534 S H salt s H

2 EH is Neutral Element gH eH get H gtl leg H ett gH
geteg f
e Neutral in G



3 Inverses SH g H Igg H EH g g H g H gH so

GHI g H by definition

56.4 Examplesfor Sn Dan

In general it is hard to build normal subgroups and we will see some tricks in
thefuture For now we'll construct a bunch of examples

Examples 6 5 H he

ff gff
Check H is a subgroup

CEH
Closedunder insurer T Ee forall TEH since ordlo 1oz rEH

multiplication

1127134 1131129 119 23

112 1341 14 1237 1121139 11311291 113 1291

1137124 1141123 127134

1137124 1127139 14 23

114 123 1127139 131 129

1147125 1137124 1127139

Check H is normal

This is a consequenceof the following result

Lemma Given 6 T E Sn 656 has the same cycle type as 5

Proof By induction n number of cycles featured in 5

Basecase T x Xe an l cycle

Then 606 6 61 2 Gixe is also an l cycle

Inductive step 610 oz Trl 6
1 120,6 I 16028 160,6



is again a productof disjoint cycles of the same length as 0 0 Tz or

H e 11211197 1137124 1197123 is a subgroupofSs but it is

not normal because 6 115 E Ss T 1127134 EH but

656 115 1127134 115 115 1127115 1157134 15 1611612 6137619

5271347 H


