

















































































































LectureV11 NormalsubgroupsPresentations Group homomorphisms

87.1 Normalsubgroups

Recall G group H G subgroup is normal it H Hx EG

Equivalently Hx 1 H XEG

Example 1 156.4 S E H e 1127139 1154247 1141123

Lemma If HE Sn TEH then all the permutations with the
same cycle type as I must lie in H

Example2 G Dan s r s r e srs r t

ar se rare r

Claim H is normal

Proof By direct calculation Atypical elementof G has the form

sesar 9 0,1 6 0,1 n t x
1 5559

Any hell is of the team here for 1 0 n t

schx sar's rerbs sares e

In bothcases we get hx c H

Example G 53 IN 41123 e 1123 13274 Use in when the
subgroup is normal

Example4 G GL R 2 2 matrices with detto

3 EGLIR detx 14 5L IR
Since det ABI det IA det 13 N is closed under mult

I_ L det 11,1 1 so N is dosedunder interses IZEN
N G

Since det ITAT det A we see NAG

Remark Hwa G un abelian when all its subgroups are normal




















































































































Lemma1 let Gbeagroupand H G asubgroup Assume H CA for someA

We have HSG if andonly if hx EH xEG he A
Proof True because A H

Na in a hi hira gfa.la fa affi
e ti if hi hire A

and 127ahia Lahat't e H if he A

These 2 conditions implyit's enough to check the condition to the generators of H not
for all elements in H because a hi hi a lahi a I ahira

emma 2 Let Gbeagroupand H G asubgroup Assume G CB for my B

Then we have H 36 it and why it 5hb E H thett be B for E.tl

Proof Write any in G as 3 bit with Ei

IThen b sie h Is be s 16
4,54 5 EH by induction

7 2 Presentation of a group

Equippedwith the notionof a normalsubgroups we can define presentations of groups in a
ormalway

Definition Fix G group and EG subset we define as the smallestnormal

subgroupofG containing X

ANLemma Nx
NEG

Proof G 16 so the intersection is um empty
intersections of normal subgroups is againa normal subgroup
X RHS IRHS Nx
By construction if NIG XEN then RHS EN




















































































































Definition Fix A a set and R Free A Then

Innate flations

A R Free
Np

is a group

Wesaya group G is presentedby generator A relationsR if G CAIR

57.3 Group Homomorphisms

Definition Let Gi Ga be two groups A 1st map G Ge is said tobe

a group homomorphism if x gEG fix g fix a try
topoperationofG group operationof

Lemma If f G Ga is a group homomorphism then

111 the P l identity elements are preserved

12 fix fix EG intense are preserved

Proof in Take y e then fie file e ftp.ytzfiey So fie ez

4 fix a fix y fix 1 Lie ez by

fix fix fix_ fie ez by 111

So fix fix l by definition

Definition A group homomorphism f G G is called an isomorphism if

thereexists a group homomorphism g G G such that

f fix EG
and

g fig y yEG

Exercise This is equivalent to saying h is a set bijection In otherwords

g 8 will automatically be a group homomorphism



7.4 Kernel Image

Definition let G G be two groups and f G G is a group homomorphism

Ker f E G I fix e f E G kernel of f

Im 18 ye Ga EG with tix y Ge 1Imageof f
I fix I E G

Lemma 111 Ker t is a normal subgroup of G

121 Im f is a subgroupofGz
Proof it e Eker f because fle ez

x y e Ker f then e fix fly then

fix fix fly eat ez ez so y Eker f

Eker f then fix I fix ez see so Eker G

Conclude Ker f G

EG yeker f then xyx EKer f because

fixy fix fig fix fix fix ez

So Ker f x E Ker f for all EG

Bysymmetry yke f y kerf y asexgason
her f Ker f

EG

Conclude Ker f a G

2 ez fie Im f

If y _fix go fixes on Im 1ft then y ya fix ya E Im f

If y fix then g fix fix y so g c Im f

Include Im f Gz

Q How hard is it to check if a group homomorphism is an isomorphism



Easy Lemma Fix F G 62 group homomorphism 5

111 f is one to one or injective if andonly if Ker If 3e

121 f is onto for surjective it andonly if In 81 Gz

Proof 117 Pick tker ft Then fix ez fie
Since his injective then e Condude Ker f e

Since e E Ker 181 we get Ker f 394

I Fix x y E G with fix _fig Then

effix fig fix fly l fixy so g Eker It e

This gives g ie ie x y Conclude f is injective


