
 
Lecture IX Three Isomorphism Theorems I

9.1 First IsomorphismTheorem

Let f G Gz be a group homomorphism Write K Ker f IG
and let it G Gy be the natural projection

Theorem 111 There exists a unique F Gz such that

fix FIT x FIXK EG
More precisely we have the commutative diagram

G ᵗ

I F XK fix

121 F sets up an ismorphism In It

Weget the commutative diagram
G h 62

V1

I Imf

Example G 6121112 R is a surjective group homomorphism

Kerliet 3 E GL IR at x if SL IR
Hence by First Iso them Gla

IR Rto

Proof 117 We donot have much of a choice to define f Gz

FIXK fix so For L

We need to check is well defined xk yk fix fig
But K yK y E K Ker If

Since ez tix y fix fig weget fix fly as we wanted



Check I easy F is a group homomorphism

12 Check 2 Ker II Se K Henceby EasyLemma57.4 F is injective

34 Fixki ez taxi ez EK and K e K

By definition In F Im f Hz G and

T Gy Hz Ge is both injective and surjective

Since I is a group homomorphism and a bijection we conclude is anise

59.2 Applications

Theorem Klassification of cyclic groups

Anycyclic group G is isomorphic to 2 or for 1 1,2 andonlyone ofthem

Proof Fix G Sa cyclic Define f time 2 Free111

L is a group homomorphism

f is surjective by construction

Ker fl 2 111 so it is also acyclic group Ker f k forsome
k o

Then by First IsomorphismTheorem wehave f
G

Here D 2
2 if Ker t 10

The answers an all mn ismurphic by cardinality

Another wayto interpret or use First Is Theorem

Lemma Let f G Go be a surjective group homomorphism and let H G be

such that fixi ez xeH ie H e Ker f Then

H Ker f I 62 with inducedfrom f

Proof is First Iso Theorem



I Let G T Gyp be the natural projection Since G 4H

a

i.e Yo I f lis anise weget H Ker It Kerff

Backto Example 158.2 Dan 3114 fish fish i Ker f 24 6,5
s s I s si issay _e HIDan

Now Day 3 1 because the map is surjective Day1 2
w̅ flat

So by Lemma 9.2 H Ker f

Proposition2 58.2 f.CA gpRmTH4 a
1 to 1 F Fry sphim

Proof Fix 5 m IRAS Now R Kerta Free1A so Up kerf
Define f why F Iw It is well defined because MREckert

Conversely f Free
Age

defines Free A H byTla flat

II t o for all reR so Reker F

Byconstruction the correspondence is 1 to 1 It is uniquely determinedby
conversely

Example Conjugation by aEG

Conjla or Adla G G is a grouphummorphism liked
notationfrom 8 aga
RepresentationTheory

Ker lanj last hes aga e g a tea e

In longlast G because g aa gaa Conjtal a ga gEG
So Cujia is an iso aEG



composition

In fact conj ab Conj1a Conj b

angle identity

Hence lanja any a

ample G Free 12 Ca b norelas P Gz 2

I endpointofOw a's b's

E g p a b a p a 55 5,2

Claim1 p is surjective n nz p a b

Set H Xy y I x y C Free 2 from 9.3

Claim 2 H Ker p

Pf Dixyx y o since Ow ends at 10,01 for all w xyx y
1

01H Y ixgx.ly x y Free1217 E Ker p
Claim3 H J G

Assumingthe claim is true we get Gy 45,5 1 a5 55 because

ab a b ab Iba EH

Since I 22 the Lemma implies H Ker p

5 Imu

Q Why is claim 3 true

A H CG G SG is thecommutate of G see Hwa

59.3 SecondandThird ImmphismTheorems

Note The textbook calls then 3 and 4ᵗʰ Is Theorems

Fix G a group and N A G a normal subgroup Consider I G thenatural
projection



Theorem2 It sets up an order index preserving bijection

5
say

subgroups F

UI UI

normalsubgroups AAG c normal subgroups A
St N E A

correspondences A 1 I A

F IA A

Proof Oncethe correspondencesare specified the proof that theyare well defined an

theyare mutual insure maps is a routine check It requires 2 lemmas whose

proofs are left as exercises

Lemmal F G Ge group homomorphism Then

111 H EG FIH 02
121 Hz EG f 1H EG fix EH 6

13 N I Gz FIN A G

Lemma2 If f G Gz is a surjective group homomorphism andN IG
then fin I Gz

Theorem3 Given NIG let HAG with N EH Then

1 a

127

Proof Consider F G Then 14H I by Lemma 2
because It is surjective This shows 111

For 121 we consider the projection Ty Ey Then wehave

4 Hot G Gym group hummorphism



Themap4 is surjective
because both I it are surjective

Kerl EG Iz Mix etyn E G Ty Eker the
I HIN H

is clear

E FX N E HIN N hN forsome hett But this means

h E N EH so Eh HEH We conclude that EH

By 1ˢᵗ Is Theorem T I Gayn


