

















































































































LectureX Groupactions m a set

unmary of the Course weeks 182 So far we have

117Defined usefulterms from GroupTheory

Groups subgroups subgroups generatedbya set orderofagroup
Normal subgroups normalsubgp

Left and Right coset GA 4 G Quotient groups

Group Homomorphisms Isomorphisms Kernel Imageofgphomomorphisms

Grouppresentations

12 Examples Freegroups Dan Sn

13 Mainresults 3 Isomorphism Thins Classification of cyclicgroups

TODAY Group actions on Sets

810.1Definition
Fix G group and any set

Definition An action of Gmx is aset map GxX satisfying

18 14 α g 1 g
11 e x x ice

127 19,92 g 92 sins EG and ex

Given α as above we say Gacts onX we sometimes denote this by G
wewantto

Remark Gising such α is thesame as specifyinga group homomorphism
α

G Aut x Sh X I tis abijection

s ng g x

α 1g 41s x

Note AutsfX is a group under composition I set automorphisms ofX or
symmetric grouponX

11 means he id neutral in AntIX

4 gig dg 0 dg man is multiplicative






dg is a bijention because dg_ dg gg he godg t giving
8 2g

word in notation Aut is short for automorphisms meaning isomorphisms withself

subscript structure thatwe wantto preserve

These actions are often referred to as left actions since there is a notion of

right action as well In a night action we need GxX to satisfy
it e e e

18 I og
12 X S S 8 82
We will write G when we are using right actions

Examples G C vs HE 9 G

g xH 8 4 Hx g Hag
Check this is well defined independent of the cosetrepresentative
Check the 2 axioms defining left and rightaction

Example G GL.IR R by Gxx
A AF

So A matrix multiplication byA
Check 111 Id it HEER

12 AB ABE A BE A BE A B E HA BE
ÉEX

In this case 6 Auth has image in Aut pR because

2A preserves the vector spacestructure of R

810.2 Moredefinitions

Fix GEX
Definition The orbit of an element e is the following subsetof X

G x g Ige G



Definition The stabilizer of is the following subgroup of G

Stab lgeG I g x x y G

Typically Stabox G

By construction it is asubgroup

Definition The fixed point set of geG is the following subsetof X
8 EX g x x EX

Example Consider the group hmmorphism Dan Ghz R EAutalk
s

r I I
Note 41s If reflection about x axis

4 r rotation of
Since f s fir fis fir tis fir byconstruction we
get that f is a group hmmnorphism Thus it defines DanG R

Note is fixed by all elements ofDan so we can omit it and consider

DanP R

Let's compute theorbit of a print pex
P riple IP

P
n

ri f rip

rfp
S p

r rotationby
orbitof a point5 refillsabout a Pex R 181
under r

1 verticesofa regular
Dan p 3p rip r Ip r p n gon

all distinct



S ln gm will reflectthe n gon about the x axis

Claim IDan.pl an Sip 3p rip r tip

Proof If slp skip for some 1 0 e n t then wehave Dan pleau
which is a contradiction

We prove the contrapositive statement

If Dan p 2n then we have a repeated element x

Claim Srk Ip r Ip for some k j

Pfy hPa rip r Ipl are all distinct

3sept srap srnip is rhep sedip rfp rip

So the repetition can onlycome from some in both sets

But using srk r ks in_Dani we get ripp sship r ks p
so Yp r r p Slp Sip p riple r Ipl


