
 
Lecture XI Orbit Stabilizer Correspondence

Recall G a group a set

A left G actiononX is a setmap G f st

su x trusto

Equivalently weneed a group homomorphism G Autset1 1
Given EX Orbitof G x EX

Stabilizerof Stabgy g EG g x x G
Xs hx g x x Fix points under theactionof gEG
11.1Example

Consider the group homomorphism Dan Ghz R Autalk
s reflectionaboutx axis

I'm rotation.lt

and the action induced on X R 31815

Dan p 3p rip r Ip r PI all distinct
Dan p 35181 Srip sr Ip Isr PI all distinct

Claim IDan.pl an Sip 3p rip r tip

Q Which points p have Danpl zn

A Need Sip skip for some k.ie reflecting p about x axis is

the same as rotating by 2

Equivalently r ks p p sculp p

Write p Re R 8m for oct.cat Sip skip



P sik p Re s Re
2 i RE 21 i 2

10 2 1 mod 1214

20 2 mod 2K

0 and II

conclude Danpl can p Re with n it r2 it

for oaken

or p R
Ist.int

I t a I
In these situations IDzn.pl n since Dan p 3 p rip rip

Q Stab pl

A If IDan pl 2n then Stab Pl ids
Otherwise Csr's Stab

gulp
if sip hip

Claim Equality holds

PH is Stabs pl for alljets n t stasis lpl 3s so son

It Sr Ip P sillip clip rhapt rJhip p forcing
J k mod n ie j k
This stab tp Csr's
Alternative argument equalityholds since stabs in

Dal

and 15 72 1
ID pl

Note s Denim general so orbit stabilizers need notbenormal

Theorem Orbit Stabilizer Correspondence Let GCX
111 For every EX wehave a tsett bijection

stab ix
Gox

5 f x



121 In every TEG and EX we have an isomorphism of groups
3

Stabg 1 7 Stabg Tox

rjo 1

Proof 117 If he Stabgh ghook g lh.se go.sc so

is well defined We theck it's both injective and surjective

By definition this map is surjective

If g c gyk then fi 18 k si 192.4 fi's x

Sig ok
e x x

yields si's Esta.bg xl ie f 5 in Ystabox

St Stab lx g x x t.llgo td.nl 5 x

rgty.co x
go State Tax

Since Conj T is an isomorphism of groups we have proved the desired

statement

Example Sn 1,2 in X 1 01 of 1 cycles in 5

Eg net 14,54

By construction disjoint union of orbits under 6

c writing 5 as a productofdisjointcycles

State1k I TE Su l Tik k 3k'ES I n Stash
Iskent w I 1km w ku 1km w ka
n 1km k
So Statolki Sue Su



11.3 A fun Application 4

Recall.sn 31 n transitive action oneorbit

We canextend theactive to partitions of 31 in of fixed length
3 P W Upr ns ftp.t hi dit thr n

by J IP W up IT Pil V10 Pat U U T.PH

Note Size of Pi T Pi matches length Pi bi length TPi

Byconstruction theaction is transitiveem partitions of the same length

Eg Xo 312,34439,544361 1 1 3 2 2 d 11 partition of 6

Stabs 31,424 03451 43647 53 52 5 so 1 1 f I siby theorem 11


