

















































































































Lecture XII Applications Countinglemmas 1

Theorem I Estabaky
c is a bijection

12 Stabout stabdo.at given SEG EG

f o go

theorem Fix a groupG a set and an action GOX For any 5 gEG we

have a bijection
8 580

s 5 x

Proof The map is a restrictionofthe bijective Thus we only need

checkthat themap restricts to the fixed point sets
EX g go_ 15 x

To go_ 10 x 5 x

logo I 115.211 T.sc Taxe 95

512 Fun Applications

Multinomial Coefficients

Recall Snc 31 in has one orbit
Consider thesetoforderedpartitions of 31 out of type d

h Pi Pz Pr EP 3 in length Pil di
Note 4 7 1123 45 671 1123 67 45 as elementsofX butthey indeed

the same partition

Sn CX via T IP Pr 13 fix EP Oh EP

Claim The actinhas me orbit

man iii
Stabilizers
Es stabs 1123ns a

S3 S x 52




















































































































2
Stabs IB P2 Pr E Sa S x Sx

stabs xo d da

Theorem in 1 1 15mmol
s it ae

Proposition1 orderedpartition of type his her

Proposition2 Fix me and PE prime Then

Ppr m modp

Proof Consider G groupunder 3 1 sent some set
with m elements

GCG by 5 I get
E set of all p element subsets of GxX IE PII

Set G G GxX by 5 Is c 5 g al act on G hg
Claim This induces an action n E G 39 eprl one Toeped

drepetition heptitions

Now E disjoint union oforbits For OE 101 divides IG P
either 101 1 o p 1101

Thus IEI orbits with exactly me element modp

Claim 2 orbits with exactly me element m

PH Y.EE with G go yo Write go he sep 1 ei lsi sail i

But 5 e Trep 3 lots Ki HtSpr Kip 4 3181Xi ilfprixz.pl T

Xp
is thesame element of X Reason G g G hassize p

and 6 3 04 yo
So g G 3 04 by sizeansiderations

The number of such orbits is 1 1 m




















































































































812.2 Counting lemmas 3

Q Given GOX howmany orbits arethere

Burnside's CountingLemma of orbits average of fixed points

Notation GX set oforbits of the left action

0 EX ex with G x 0

In otherwords we needto pick orbit representatives to count

Lemma Assume X and G are finite Then

15

Note Istab will Stabs IT sell by Theorem121 so the stabilizers of
elementsof 0 am the same

Proof We write as a disjoint union of G orbits

1 1 64 1
threat

If OG.ie then 101 16 I Estaboral
pal

Example S G 31 in 4 There is only one orbit

Pick nex Then stabs ul E Sm Su

Lemma says n 19

Theorem Burnside of 6
Proof We count orbits in two ways by looking at the followingsubset GXX




















































































































F 319 x GxX I g x x lie gestalgial I

111 Fix gtG and count 1g x EF

IFI If I sxex g

12 Fix EG and count 1g x EF

to D G xIF Ex stab I 0 5
twmStabg1 1 Stay15oct

Gl 161 1

Comparing 11 and 121 gives lot 1 51




