
 
Lecture XIII Moreexamples ofgroupactions

Recall Sm counting trickswe've learned to GOX

Gstab bi G a bijection xeX

8 Stab till g a

Staba111 Stab 15 x group iso ex toec

s Tgr

8 T
bijection to SEG

I 5 x

Lemma I
G GEX 14 11

Burnside's Theorem of 1 81

13.1 Somespecialactions

We have 3 adjectives for groupactions GEX

Definition Wesay a G actiononX is free if xeX g x x g e

Equivalently Stabala 394 xeX

Note By Theorem111 I G kt 161 x is all orbitshavethe same size whenthe

action is Free Moreover byLemma 1 1
Definition Wesay a G actiononX is transitive if x yex gEG suchthatg.se

Equivalently G x X KEG In otherwords thereis only oneorbit
Note By Lemma any G ByBurnside I 1 81

Definition Wesay a G actionon is faithful if G Auth is 1 to 1

Meaning g x x xeX g e stabend es



Note Free Faithful but Faithful Free seeexamplesbelow

Examples from Lecture10

DanG R 10,014 Faithful
Free Staba I 557 EIR

orbitsofsize n Dant
Transitise 1thereare many orbits alloffinitesize

Sn C 31,2 nl Faithful
73 Free

Transitise
There is only one orbit of size

n Sul for us

813.2Some standard groupactions

EXAMPLE 1 G G acts as multiplication onthe left
GxG G M G Autsettol
15,27 8 g Gig h gh

big is just a bijection mG a group hummorphism

Stabolh see G h G theG

Theaction is free transitive and faithful

Note To get a right action we take multiplication onthe right
EXAMPLEZ G H setof left asets

GOGH by g Is'Hl 1894H

Stabe SH of G T SH H gH4

Note Fs H gH g og EH regHg
Stab lgH gtlg see if HEset so not free if Hties

GC transitively only one orbit GH
KOEG G

T
I gH T.gH gH 4gH regHg



EXAMPLES G G acts by conjugation
GGG r g Conjing 690 1

Recall Conj G Autap 16 Autset16

Definition Orbitsof G under conjugation are called conjugacy classes

Stabout 4g gxg x ZG x 3g ex xp 261 1
GGG byconjugation is free iff Zabil et xeG

Definition Zo 1 1 is called centralizer of Ic elementsthatcommutewithx

Conjugacyclassof is abijection

Fixed points under conjugation 8 EG gxg x EG x gx g
ZG'S

Remark Kernel of Conj G Antop G AuthG
Ker Conj SEG Conjig idg

SEG ghg
1 4 thy

1g EG gh hg thy ZIG

Definition Z G is called the center of G

GGG by conjugation is faithful iff ZIG es

Note Conj is a group homomorphism Example59.2 Z G Kir Conj E G

ZIG Δ G

13 Counting conjugacy classes

Fix Ga finitegroup let GPG act by conjugation

Estaban 16 l 101 f m for C G re
conjugacyclass

Countinglemma says 1
fy.mn g

Gate
To achoice



Eggs I 161
4,14

Burnside'sTheorem of Conjugacy classes of 1 81 61261811

Note This is sometimes called the ClassEquation

Next we discuss some fun identities for Sn

Take G Sn P X Sn by conjugation

Q What are conjugacy classes

A Recall T Ix x Xe 5 151 1 51 4 Tixel
So Conjugacy Classes in Sn cycletypes ie partitionsof n

Usually people label conjugacy classes as either

111 12 r with sit then cordered decreasingly

I d
Lifies fifes

abbreviated as 1192931

In particular 1192 n is a valid cycletype for a permutation TES n

l l talat then h

Q How
many

elements in Sn are there of a givencycle type

A cycletype 11,2 23 I 11 212,3 I

TE S It is a cycleof type d

151 n

t.dz de la la en ii at 11 la la
d waysofwritinga cycleof length wonderprodyfiffjj.intcycles



13.4 Moreexamples
5

EXAMPLES Pick at and G a group left acting on

Define G x f functions4
This is a G vector space under pointwise addition and scalarmultiplication

thithelix father 12 4 fixy xeX Ed f fi he x

G P x via g f f g x

Whydowe need the inverse Becauseof 2 axiom of groupactions onthe left

S 82 f 182of gin f s Isi nl flisi'si1 x
f lls Salix is.se f x

Note If X G then G with lf.se flx.gg
Same ideas workwith Rex It IR function

Application Analternative proofof Burnside's Theorem loptimal

Here is an alternative proofofBurnside's Theorem that uses a bitofLinear Algebra

IDEA Change 1 1 to the dimensionof a real rectorspace ER x vectorspace

R is a vectorspace withbasis B ex ex Here ex y
dimension Rex 1 1 Set N 1 1

Define Functions I R fix R fig.sc fix geG xeX

lie functions withconstantvalues along orbitsoftheaction GOX
Functions 2X R R vector subspace

Basis for Functions I R 3 64 toe so itsdimension is I 1

We define a map P G GLN R Pig ex eg.sc

ie x y entryof01stJan 89

m.EE
1 59 fix



Claim Traceof pig 1 8 I x x g x

Traceof of 0 Pis tracedpis of 1 81

averagingoperator

Burnside's Identity requires us to prove the following identity

dimension Functions I R Traceof Pis

Now we have an inclusionof vector spaces and a map

V Functions I R Functions IX a V

Wedefine the averaging operator Av V V as Aulf 1
f

Thees Aulf Ix 618 f in 6 15
X 68181 ex

dial M
Note Aulf EV because we have that Avlflfh.sc Aulflix hFG xE

Au f 1h x ftp.thxl tw
fuEifEatlwxl

Av'f 1 1

Claim Avoi f f tf EV

PH Bydirectcomputation
Autin in to 6 114118 1 Effy fly
Consider P 20 Av V V

Claim2 P2 P it's a projection IMP EV KerP KerAr

Pf lioAvolioArt io Avail Ar io idu An 20Av
Claim

Imp V IV if P if for FEV bgClaim

Ker IP If EV 2 Av f o Lev Av f 0 Ker Av because i is injective



Consider B a basis forV Bz a basis for

Sima P is a projection wehave Ker Av
Inff

V

Then P3a.us If 111

1321

Conclusion Trace Ar race ioAv Trace P 1 B I dimV1 which is

i inclusion

exactlythe equality 1 we were seeking


