
 
Lecture XIV pgroups andSylowTheorems

514.1Counting Fix pointsets

Recall Proposition 2 511.2 For PE primeand r me 2130 we have

Pf m modpl

The followingcrucial idea was usedin the proof
Lemma It GOX and 161 p lapower of aprime then 1 1 1 61 modp
Here G EX g x x gEG 8

Proof As breaks into a disjoint union of G orbits

1 1 Ʃ 101

action

For each orbit 0 101 divides G1 p since 161 IG.se lStabgvulHxEX

Thus 101 I n 101 o Imodpl
Hence we get 1 1 orbits of size modp

Orbitsofsize 4xEX I g x x gEGE
Conclusion 1 1 1 61 modpl

519.2 Application p groups

Definition Fix pprime A finite groupG is called a p group if 1Gt p forsome r

Theorem If 161 p is a p group then 121671 p for some reser

Proof We let G act on itself by conjugation

Bythe Lemma fixed points 101 o modp so p 121671

3 e gxgtx g ZIG
Sima IZIG IG p we anclude 12161 p for reser

Note Z G IG is a normal abelian subgroup of G

So it seems we have sme inductive statement for every P group



G p group ofsize P
m E

g
G is either trivial or a

16 abelian normal strictly smaller pgroup ofsize p lieserp subgroup of

size ps Cieser

Proposition Let G be a p group Then there exists a chain of normal subgroups
hey Z Z Zs G

suchthat each quotient Zitz 11545 1 is an abelian p group

Proof By induction m r if IG p

Base case p I G ZIG G byTheorem and is cyclic

by Application 5 2 Take 5 1 in the statement

Inductive Step Consider Z 2161
If G is abelian then 5 1 works

Otherwise G 926 is a p group

By inductive hypothesis E Is a E I 251 E G where

each quotient Etf is an abelian p group
Fix F G

g
G Then by the 2ⁿᵈ ismurphismTheorem

Zi IT E with i t is satisfies Zi G and Z Zit i

Claim For is 1 is I Zia It Zit Zit
Pf gEZit Zi 19kg't Z gZ ict gZ Zi

E
gag E Z so Zi A Ziti

Z Zit

By restricting it to Ziti using the 3 Isomorphism Theorem weconclude

that Zityz.ee Fitzy so we conclude the quotients are abelianp groups

19.3Sylow Theorems

The next results are a first approximation towards a classificationtheoremof finite
groups by understand G through its p subgroups for eachprimep with p 161



Fix 161 n and p a prime number with pln Write n p'm with gedpm
rat

Definition A Sylow p subgroup of G is anysubgroup HEG with p161 pt Git

equivalently 1H p if p is themaximalpowerof pdividing161

Notation Sylp G setof Sylow p subgroupsofG

Theorems Sylow Let G be a finite group and p prime with Pl Gt Write49 PIM
11 There exists a subgroup P G such that IP p p Sylowsubgroupsexist

2 Let P Pa betwo Sylow p subgroups of G Then there exists gEG such
that P g P 5 GG Sylp G byconjugation is transitive

13 Let up Sylow p subgroupsofG Then up modIp
up m n p'm ptm

We prove eachpart separately

Proof of 11 We let X set of all p element subsets ofG let

G GX via g 301 if g on gop with GCG by left
multiplication

Observation1 If H hi hp EX then Staba H 3g g.tt H
In particular gh hi for some kief meaning 8 hi hi fosseep

Stabg til he hahi hp hi hence

Istabg1H p thex

Note if holds then StabaHl is a p Sylow subgroup of G

Observation 1 1 PIM m modp to meet Ip

As 1 1 sum of orbit sizes there mustbe some orbit say Of such that

161 o modIp
Pick HEO Then Istab 1H11 1 pig pt 01 forces

stab 1H11 p'm with u



Combining Observations I and 2 weget n Stab 1H p as unwanted

Nexttime Proof of 121 and 137


