
 
Lecture XV ApplicationsofSylowTheorems

Recall G Limite group 16 p'm pXm Then H 6 is Sylow p subgroup if p 1H

Sylp G 4 PEG P is a Sylowp subgroupofG

SylowTheorems G finite group p 1161 prime Then

11 Sylowp groups exist
12 Sylowp subgroups are unique upto conjugation

131 up Sylowp subgroups of G up I modIpl up 16.1

emma It GOX and 161 p lapowerof aprime then 1 1 1 61 modp
Here 9 EX g x x gEG 8

515.1 Proof of SylowTheorems

Proof of 1 I lecture14 X 3p elementsubsetof G 1 1 1 7 Em modp

Gtx gH I gh shirt for He hi ihp.rs EX SEG
Stab 1H I hith i i sp hassize p

Sima Ptm PX 1
6
101 so 70 c with p 161

Sima 1011161 we get 1611m Write G H forsome H

Include Stab 1H I pr because 161 101 stab1H11 So Staba H ESylp16

Pem coprimetop
Proof of121 Will be a direct consequence ofthe following more general result

taking H to beanySylow p subgroup of G

Theorem Let P be a Sylow p subgroup ofG and HEG be a p group
Then SEG such that H gPg
Proof We first note that HE gPg Hg Egp HSPESP

meaning thecoset gP Gp is fixed by H where GCGp
by left multiplication This is what we will prove



We consider H P Gp via h lg't hg'P for eachg'P
Now IHI p is ser and Gp has m elements with m tomodip

By lemma 312.1 m Gp H fixed points of Gp modIp

Since m Fo modipl we have at least Hfixed point ofGp it g G st

h gp gp thett ie He gPg

Proof of131 Let Sp set of Sylow p subgroups ofG

So far we know Sp 1641111

GCsp by conjugation is Transitive Iby1217
Wewrite up Sp
As Sp has a single rbit we know up

p
I 161 for anyP.ES

ie up p'm
We show up I modp using Lemma 312.1 up m

Choose P.ES and let PoP Sp induced by GGfp conjugationaction

IT.P OPO

Note The actionofPo neednot be transitive

BytheLemma up Spl spot modp
Po fixed pointsof Ip

Claim SP fixed pointofIp 3Pa

Pf 12 Po is fixed byPo so 17 holds

I Let Q SP fixed points ofIp so Q G is a Sylowp subgroup of G
and xQx Q xtPo
Consider H SEG gas 94 G

stal 19 under GPSp byanjugation
P H Q H are a Sylow p subgroups of H I PEIHlqfff.fm

By Sylow Theorem14 hEH st hQh P
HEH

We conclude that Q P



Corollary If Po G is the only Sylow p subgroup of 6 then Po IG

wot gPog is a p Sylow subgroup of G geG ByuniquenesswehavegPg P
g

So P 16 by definition

NEXT GOAL Use SylowTheorems for solving 2 typesof problems
I Given a finite group G and a prime p with p1161 determine SylpG

H Find one
myfying prey

normal subgroup of G

These questions may notbe solvable n'a Sylow Theorems but tomany G's theyare

1.5.2 Sylow subgroups of Sp
Set G Sp with p prime Then 161 p Ip 11 p

AnySylowp subgroup B has size p so
z

P has p i elements of orderp

Each element of orderp generates a Sylowp subgroup

Elements of orderp in Sp an p cycles

If Sylp Sp P _Part then PinPj ids if i j
elements oforder p Ip 11up

Proposition upSp IP 21

Proof
ripples

P
if 21

15 Sylow subgroups of Sg
G Sy IG 29 23.3

Q WhataboutSyl 5 3 1131 218 not 99

PESyl Su hasorder 3 so it's cyclic generated by a 3 cycle
3 cycles inSy 9 4 2 8



I cycles in 4 3
3

8

Each P has 2 elements of order3
Pi P E Syl 1Pa with it has PinPj set because Pil Pj1 3 is a prime member

nz 2 Total numberof 3 cycles gives ns 82 4

Conclude
Syl Sy 5112377 2112977 5113977 123417

We'll discuss Syl 15 tomorrow


