
 
Lecture V1 ApplicationsofSylowTheorems I

SylowTheorems G finite group p 1161 prime Then

11 Sylowp groups exist
12 Sylowp subgroups are unique upto conjugation

up Sylowp subgroups of G up modIpl up 16.1

16.1 Sylow Subgroups of Sg

Recall 541 23.2 us p 2 3

Basanti ie iiiii.ii
Recall D C Sy injective group homomorphism

5 I 112 39

r 11234
4 3

no sensation
r rotation of

So Do is a Sylow 2 subgroup ofSy
Do P e 1123,47 1132224 1 32

1121397 11271397,41239 1291 1127139 124 119 1237 112713 1,434 113

Any other Sylow 2 subgroup is conjugate to P by SylowThem
Note n Imod2 and nets 2 103 by SylowThem 13

P J P T to TESy
P all 134 goes off so these elements are permuted when weconjugateby
Reason 6 11127134 0 10in 0121 as Qu 11211341113 29

1197123

5 1234 5 I 5in 5121 013 5141 has 6 options but 2 of them are

already in P namely 11234 and 11932

This confirms there are 3 Sylow 2 subgroups of Sy



Proposition Fix a group G and H Chi if I asubgroup of 6 Then

for any StG wehave gHs G ghig if I

Proof 12 by definition of subgroup generated by a family of elements

E Any hell is a word on hi hi I only finitely many letter are involve

Sima Shi's Shig ieI and ghig ghig for allut
weget h hid his ghg ghig l Ishing ECghi5 84,8

Ecghig if I

ghg ecghig
1 it thttt as wewanted

P 112341 112 39

3yProposition weneedto conjugate the generators ofP to get theother two
Sylow 2 subgroups

Pz 139 P 134 1397 1259 1347 139 121139 3417
42431 12 3977 P because 11243 P

2 cycles in P2 134 1125411341 112431
1341 I 143271341 11342

P3 124 139 P 1341124 1293 P 243

1243 11239 243 1243 1127139 1243

114231 1197123 P because 11423 P
Pz 1142374Pa

Conclude Syl 154 IP P2Pss

516.2 Sylow subgroups of GL IF

Aside Forany prime PE Ip denotes the field with p elements As a set

Fp 30,11 sp 14 As an additivegroup Ip 2
2
Howser ii y multiplication

Eg It 40,1123,4 2.4 3 mods 9.9 I mods
modp

GL I s a b c d EF ad be to midst



Q What is the size of G GL s

Idea Options for 1st column Fs 8 25 1 29 options

Options to 2ⁿᵈ E 5 lolumns an 1 i

25 5 20

1Gt 24 20 980 253
same prime as in s

Only have Sylow 2 3 and 5 subgroups

Nz El mod21 he 15 42 1 3 5 15 all are possible

n El lund3 n 25.5 3 12,1 8,16 32,1 20,10 80,161
so n 1 9 10 16 160

s L Mds us 253 s

21 46 612 2419811

Anexample of a Sylow 5 subgroup Efs P

Anotherexample 9 gets P
1

not

Anexample of a Sylow 2 subgroup

4 4 9 1 damn EF4 IE

Claim H is a subgroup of Glz Fs

Trot I S 19 3 I a 19 11 9.1 45,14
i i EH

1H 9242 32 elements so it's a Sylow 2 subgroups

I 3 19 atsc 1 I

ate 1 I
Is I



typically notinH so ns I

Anexample of a Sylow 3 subgroup A of orders

det fad by I det l because 43 1 mods 213 I 2 mods

1 I I 11 11 I 3 I
L I s d

L II
Replace be and I I adf.la 1 I ablatdltladillbtdlfladi latzdltd3

ta a d

I a'd 2ad a 2d d

a 2nd d 1 C latdy a at d ti at d i Efs
abt abd abd ad b d a btzabdtad b d Egg

3 cases from Efs 1,50 or d
p
a or d a

in A 8 aft ad I

alef a a 2a d a d za ad a 2 a 1 2a I a and

This is true for alla

after a a'd 2a d a 2nd ad a 2 a 2 d d
a dl 11 1 1 4 2 4 37 I 11,9

alien a b raid a d ab ad ah Ia
Thiscan't happen since a It mod5

Conclude Cto

Symmetry or B ord g 3 so to as well

2 D lita Substitute in 3 equations



Efi I a 2a att a Ital _zat Ita za't a taft zatt

1 True for all a

5127 a Ita 291 Ita a 2 lati lath
at 2ft a 29 2 23 31 39 1 1 1ham

Egg a b Zab ita at it d b d
a b 2a b Zab at ad zad b d a b zab at adhead b

at ab 2b 1 22 29 b d

Checkoptions for a dl 0 17 11 21 12,2 13,17 19,0
4 d 10 11 ms btl I I 96
1967196 69 aduz

a d 11 2 ms D b 2b 1 4 4 b 12 45 3 b 3

i ad be 2 3C c t
23

i 11 11 I 3 I Iz

1311 1 I d

ConclusionHE I is Sylow 3 subgroup

19 11 31 1 3 19 3 His.me

16.3 Simplegroups

Definition Agroup G is called simple if ithas no nontrivial proper normalsubgroups

Propitin Any p group G of size161 p is notsimple
Proof By Theorem 514.2 p groups have non trivial centers Wetreat cases
If thegroup is notabelian then Jess ZIG EG Since 216 16 we conclude

that G is notsimple



If the group is abelian any
elementhof order p willgive H Ch EG

with H 34 and H IG Again we conclude that G is notsimple
Such elementh exists Indeed if ge Giles ordig p for 1 1 If 1 1 wetakeh g
It 9 1 we take h gP I hte hp glle so ordth p

Q How can we ensure a finitenonpgroup is not simple Thereare 3 mainTrinks

Firsttrick Show up for somep via SylowThem β

Example1 Prove that there are no simplegroups of order 28

Solution Write G1 28 227 only Sylow 2 and 7 subgroups

Nz I model nz 7 hz toe

n 1 modal n 4 4 I

Conclude i They Sylow 7 Subgroup is normal It's size is 7 1,28 so G is notsimpt

We'll see 2 more tricks in Lecture 17


