
 
Lecture XVII ApplicationsofSylowTheorems

SylowTheorems G finite group p 1161 prime Then

11 Sylowp groups exist
12 Sylowp subgroups are unique upto conjugation

131 up Sylowp subgroups of G up I modIpl up 16.1

Corollary up Gnot epgroup anySylowp subgroup of
G is normal

17.1 Simplegroups
Definition Agroup G is called simple if ithas no nontrivial proper normalsubgroups

Proposition Any p group G of size 16 p is not simple

Q How can we ensure a finitenonpgroup is not simple Thereare 3 mainTrinks

Firsttrick Show up for somep via SylowThem β

Example1 161 28 G is notsimple because n 1

Second trick Use G P Sylp IG byconjugation show Kerf Set G

for 9 G AutsfSylp IG ESnp 4157 Cnjig

Example2 Prove that there are no simple groups of order 229

Solution Write 161 229 25.7 only Sylow 2 and 7 subgroups

Nz I model nz 7 hz toe

n 1 mod n 32 My or 8

If n 1 we include G is notsimple Sylow2 subgroup is normal

It nz 7 we use GC Sylz G X byconjugation 1 1 7

We have a group homomorphism induced by this action

9 G Autset IX S

S Config



If Q is injective then G Imf S so 161 11m41 15,1 7

ie 224 7 3216 16.9.5 Wt
4 is not injective so he Kerl AG

Claim Ke 4 G because 7gEG Cnj18 Po gPog Po P G
forany Po Syl G

We conclude Ker 4 bet G Kerl AG ie G is not simple

Third trick Show up for some p by overcounting

Example3 Prove that there are no simplegroups of order 56

Solution Write 161 56 2 only Sylow 2 and 7 subgroups

Nz I model nz 7 hz toe

n mod n 8 47 198

If n 1 we are done 16 cannotbe simple by SylowThem 1217
If n 8 write Syl G P _Pg
Each Pi has 7 elements In particular PinPj set i j because

IPinijl 7 and IPing1 7

Wehave 7 118 48 elements of order
don'twant EEP

We are left with 56 48 8 elements e 7 more none of themhas ran

Asany Q Syl G has size 8 we are forced to have nz because

G IPined 8 Q E G Pinzed Then QAG Q e G

so G is notsimple

817.2Sylow subgroups of Dam for m odd

We assume m is odd then Dml 2m p z or p m

Any Sylow 2 subgrouphasorder2



Dam e r r rm T normalsubgroup ofDam Cr 2
2

5 Sr 512 Srm
all elements of rider 2

m is odd so ord J a j
Proposition1 Syl Dam m when m is odd

Proof Syl Dam se Sri j o m i has in elements all distinct

Let p be any odd prime dividing in and pick QE Syl Dam
since 2 101 no element ofQ can have order2 This implies Q r ID

since plm pl tarot so QE Sylphers 1k
mZ

Proposition2 SylpDam 1 when misodd p 2

Proof Sylp 4m21 because the group isabelian

If Q Q SylpDam thenthey are both Sylowp subgroups ofEnz because theybot
he in Cr andhavethecorrectsize Then Q1 Q2 Sylowp Dan yieldsQ.dz

17.3 Sylow subgroups of Dam for m esen

We assume in is esen and write m 2 for k odd
2m 2 m with a

GOAL Compute Sylow subgroups of Death for a and m odd

Example m 3 a l ID z 1 Di Cs r stree srser

r E Dizhas order 2 and it is a central element HW7 So it mustbe in

all Sylow 2 subgroups Toget such a subgroup we need anotherelementoforder 2
e s r Sr's se Sr r Sr he see r si

19513 r se se sin r so be so 3 so

is modout by Cr 37 422 and thencount na D2 3

2 IDiz



Same idea works in general

Proposition1 Syl Day m it in isodd and a i

Proof Z Death r
m has order 2 and lies in every Sylow 2 subgroup

because of Z Dzation I Dzation Sylow 121

We considerthe projection Dzation 7 Dzatimkra.in 29m

E
ecause5 Is hasorder 2

IT r has order 2tn

Is Tir T.es Tyr

these describe the relations of Dzam

I Imt 2
my

29m lker f 2

Claim It induces a bijection Syl Dzatim Syl Dam
Proof H E Syl Dzation 1H 29th r2 It by construction

I HI pain Dzam by 2ⁿᵈ Is Theorem

Since I _a 2 2 weget KIH SyltDzam
b
Conversely every subgroup I 2 subgroup of Dzam has order 2 and by a
2ⁿᵈ Is Theorm it induces H I II Dzatim with H Kent C 2ms

a 1H 151 Ker I 2 we have HE Syl Death

The map It induces a 1 to 1 correspondence between these sets bythe 2ⁿ Idsothm
because every HE Syl Death antains Kerk

We finish the proof by induction on att 32 combined with the Claim to show

15yd Dzatim ISgl Dam Syla Dam

In turn Syl Dam m by Propositim I 512.2

Proposition2 SylpDam 1 when m is odd as p a



Proof Fix Q E Sylphant Since 2 101 Qconnot contain any
element of order 2 Theis Q which is abelian ThenQESylpKry
Since ISylp C 711 1 theresult follows


