
 
Lecture XVIII Towards a classification of finitegroups

GOAL UseSylowp subgroups to classify finite groups upto ismorphism

18.1 Groups of order95

LetG be a finite group with 161 45 3 5 ms onlySylow p subgroups are forp 3

his I land 31 n 5

5 third51 n 1,2
3 I

us 1

Conclusion In an groupwith 95elements there is a unique subgroup of size 9 sayP
and a unique subgroup of size 9 sayQ In particular PIG Q AG

Observations 111 If H G is thesubgroup generated byP and Q thenboth 9 and 5

divides 1H so 95 141 Since HE G 161 45 weget H G

121 Pna he Because if TEPAQ I Is I
There 2 facts will allow us to build G from PandQ First a general fact

Lemma Let f be a group and Ni Nz be 2 subgroups ofG Assume that

111 Ni Nz AG
121 N ANZ he

Then ab ba aEN benz

Proof a b aba b laba l b Eanza Nz Ncaa Nz N I NadGl

alba b Nb N 5 N bb N N I N IG

aba b E N MN e so ab be

Now we go back to G with 161 45
Claim G is generated by P Q two normal mutually commuting subgroups with

trivial intersection Moreprecisely

G p q I peP g EQ

group operation Ipg Ip't Ipp't Iff Ipg g p p g
t

fp pig byLemma bytemma



iConsequence G P x Q coordinatewise group operation

pg 1 P f

So to completely describeG we need full description of Q P
P has order 9

Claim P or P
z z

PH see Proposition 818.2 below

Note These 2 groups are not isomorphic because has no element of

order9

Corollary G 2
2

n G 432 432 452

818.2 Groups of orderp

Lemma Assume H is a groupwith 1H p and p is prime Then His abelian

Proof FromCorollary 519.2 we know Z H is non trivial because His a f group

Then either 121471 p or p

So
1H P or 1 In both case

µ
is cyclic By HWZ.tl is

abelian

Proposition Assume H is a groupwith 1H p and p is prime Then

H a H Epz z
Furthermore these groups are not isomorphic

Proof By Lemma weknowHis abelian

Pick Tett he Then ordle p or p
If ordlo p then 4 45

If ordio p then co 1H has order z

Thus either H or H 2H with 1H p



If H has me element of order p then any 6 E H H has orderp and
N e satisfies NAH he As in 517.1 wehave IN H J H

Sima H e N e z
the result follows

Finally since has me element t orderP then
z z

18.3 Groups of order8

We aim to classify groups of order 8 Wealready know one group oforder 8
which is not abelian namely D8 s r l s r9 e Srs r

D8 Cr's e r by Hw l

Now D
pp

has order 4 22 so it is abelian

ByProposition 518.2 Dolz p z or 422 422

But Do
zip

D by proof of Proposition 516.2 is not cyclic so

8
210

2
2 422IF I 52 72 1 575 5

Note 55 55 so 0
1 5

Another non abelian group of order 8 is theQuaternin group Q

Q 311 i j Ike

has 8 elements

Group operation i j 1 K 1 1 11 I

i j k j i k

jk i k j i

k i j i k j
2108 3 1 1 422

Q8
z1Q 31 i j k i j k and they all commute

1k i j



1 D8 and Q are not isomorphic because

elements oforder 2 inD8 5 s Sr Sr sr r

Q8 I 1 1

However Z D8 ID and 2 1987 1 9 satisfy

2 D8 2198 2
22 and 8 2 Dg 98

2 D8 422 222

This means the isomorphism type of a p group need notbe determined by its
chain ofrelatively normal subgroupswith abelian successive quotientsseenin Proposition519.2

Note If G is notabelian and has size 8 then 12 G 1 2

Otherwise 121611 4 would say g
is cyclic lot order2 hence G

would be abelian

We'll see in a future lecture that such a group is either ismurphisto D ordg
the abelian ones are ismorphic to either 282 42 2

42
2
2 Ight ftp.nd

518.4 Sylow subgroups of Gln Fp OPTIONAL

Recall Ip with usual and of 2 performedmodulo p a

film
Lemma G Gln pl has order Ip 11 Ip p Ip p

Proof We count the possibilities for each column

columns Fp 41 Ip 1 choices

Column 2 I span Column1 p p
Fp

Column3 Ip Span column 1 Columna p pp p p

immnn Ip Spiti Column1 Column n n P P.fijanyP
p

161 1pm11 Ip p 1pm p I p't
t

phi put Ip Dlp i

p t p p i Ip 1



Theorderof a Sylow p subgroup is p T

Proposition I V Glut pl Sylp Glut p
Proof By construction In EU Visclosed under multiplication
It remains to show V is closedunderinsuses Recall V Adj V because

det V 1 Now Adj IV o it is because dit Asi o if jci
remove now j column i

so V is also upper triangular and dit A I i

101 p because thereare n spots abovethediagonal for these
matrices

Remark Similarly V EGL.nl pl4ESylpIGLnlFp

Q Howmany Sylow p subgroups
does G have

A We need to conjugate V by the SylowThem 2

The answer is simple when n 2

Proposition2 ISylp GL I p pti

Proof For every fixed α ftp.wecnjugate elements of U by

1 5 1 1697 15 1 1

4
4 49 g yet Sylp GL Fp for each fixed Etp

Claim QαMQp 3122 if α R Vnd 414

PHAEQN.es satisfies
t.gg Y

a 9 n'ftp

y y

If y y 0 then A Iz
If y y o then it y I try Ly By gives α s Gf



Now AEQαnV from 9 0 so A Iz

Isylp Gla p pti 392 Lftp.EUSUEESylp G lFpll

up I modp and up IP IP 1 Iptil Ip 1

To show hp Ptl we need some cool fact from Linear Algebra

Lemma Given 9 2 2 matrix with D ad be to Then

either co or i 19 11
Proof Assume c o then Δ to gires b ad tgd.ba

adgduea11 I 1 11 1 1 1

Corollary GL p B W B 9 B with B hitchhiked
swot Check B 3 A 9 19 5,8 adto the

A
f s so A B

Bythe Lemma if R B ME B 98 B

Now back totheproof of Proposition2

To get the Sylow p subgroups of GlaFp we need to conjugate TO

by any MEG p

Claims If MEB MUM V

Prof axis 1 1 51 a L Her
forall E Ip
Claim If ME B B MUM Q2 for sme α

Proof Write M A 9 Az where A Az are uppertriangular



MUM A Az v Ai Ait A AzVAi Ai

V byclaim 1
Now v 96 X p

19 Fp V

MUM A V Ai with A 8 adto

Needto check we can assume a d 1 If so A V Ai Q2

Gain v 6 10

PH 1 11 ti Y 1

1 31 L 1 51 11
112

I I

Butbaby 4 2 y d sweeps Ip because d 0 are fixed

The claim follows from this

Conclusion Sylp GL I pll 905 SEGL Fp I V49 α Etp




