
 
Lecture IX Direct Products I

Recall Last time we used Sylow Theorems to show

Gsp 161 45 G 1 4 t x Angkor
This is an example of a direct product
Lemma Given61,62 groups the Cartesian product G Gz is a group with

Ea a tea I 9621
G G 181,52 lgi.sk 18 8 82 8s

Proof Associativity and existence of inverses are inherited from both G G

Indeed Is si Isi Si l

19.1 DirectProducts

Recall the following lemma from518.1
Lemma Let f be a group and Ni Nz be 2 subgroups ofG Assume that

111 Ni Nz AG
121 N ANZ he

Then ab ba aEN benz

Lemma2 Let G be a group and N N I G normal subgroups s t

111 G is generated by N UNz
121 N AN 2 394

Then f N Nz G is a group ismurphism

Hi 21 I X X2
Proof Sima N Nz 16 and N Nz es Lemma ensures that f is a

group homomorphism

flix at 1 1 filxix ex's IX I 1 2 1 x

I ax I s 1 1 4 1 1 2 fix x fix x's
xixe xx

f is surjective Since n nz new Hu EN nzfNc any addon Ni N



can be written as y with XEN and y EN Any SEG lies in Imlf

Proofbycompleteinduction on thelengthof a word
Write w a az ear E Eye allow a e lengthIw r

Base cases w a with a EN W
I

w 9,92 a EN azenz

Inananster we are are
ES Eii imam

subgroup

We have reduced the length of a by 2 so by the inductive hypothesis w 919s
with a E N a'zE Nz

his injective thx xzD e exe e

If
Else i e E e x x2 EG GzNÉN see

Remark This argument can be easily generalized to a finite number of norm

subgroups

Proposition Let G be a group and N Ny I G normal subgroups s t

111 G is generated by YF Ni
121 Nin IN Ni Nit Nk he i

Then f N Nz X Na G is a group ismurphism

Hi z a I 5 X X2 Xk

Proof Note that Nj IN Ni Nit Nk tjtisimunj e.n.ge
Thees by 127 Ninny yes i j So the Lama ensures

I ixj xjx if Xi Ni jENj it j
Wedefine the product structure on Nix Ne componentwise

By f is a group homomorphism
Condition I f is surjective
f injective It's enough to theck the following



Claim Xi xij.ee with i e ij is Nig 5 1 j xis e s

Bf By induction on 2 j le
Base case k 2 is Trueby Lemma2

Inductive Step Assume the statement is true for S j k

i xisxis.ie i is E i is

is s commute
i E Ni A N NiiNitin el so in e

fi
e

Byinductive hypotheses Xii exist _e
Theclaim follows from this

519.2 Classification of finiteabeliangroups

As a corollary we can classify all finite abeliangroups Here is the first step

harem1 Let G be a finiteabeliangroup It 1G1 n is written into its prime

factors n p pit Pi Ip all distinctprimes are 2 i

then P EG of order p suchthat G P x PK
Furthermore this champsition is unique
Proof First we provetheexistence of such a decomposition

Let P Sylp IG Byconstruction IPil p and P TG i becauseGis abelian

We check Pi Pre satisfy conditions I and 121

Westartwith 121 Hi P Pi Piti Pu G i because G is abelian
Now Yi P Pie Pit xp Hi G is a group homomorphism

so bythe first iso Theorem Hi I IP Pi i Pit Pathe g
so IHit IP x Pie Pit Put far
As a consequence Itil Pill i Piatti hey i

Let W Pi Pm G Sima Pi w we get piail w
This 1am p p.in n lGlllwl so W G

ByProposition P x xD G via 1 1 Xu i Xa



For uniqueness K is unique since n p 92k

Assume Pix Pie H x He for Pi Hi groupsofsleep
Note P Pix Pre n'a he ie ya

e set

Since IP x Put n wesee Pi is a Sylow pi subgroup of P Pre

Furthermore Sylp.JP Pre Pil sima Pix he is abelian

Similarly s pillt Ha Hit

Frany ismorphism 4 P Pie H x the 19 Pill Pil p
so 9 Pi E s pillt Ha Hi

Similarly 9 Hi E Sylp IP Pre Thus 4 induces an ismurphism

Hi Pi Hi Uniqueness follows

FromTheorem1 we needonly classifying the possibilities forP Pie ie weare

reduced to classifying abelian p groups We'lldo this nexttime


