
 
Lecture X Classificationof finiteabeliangroups I

20.1 Classification of finiteabeliangroups

lasttime we took the first step to classify finite abeliangroups

harem1 Let G be a finiteabeliangroup It 161 n is written into its prime

factors n p pit P Ip all distinctprimes are 2 i

then P EG of order p suchthat G P x PK
Furthermore this champsition is unique
IG is the direct product of its Sylowp subgroups II 1 I

Definitin G is thedirect productof subgroups the the if
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key R Hide so ab be at Hi bEHj it I_particular words in H V Ulta
can be expressed as a are with a e Hi

Remark The same proof will work if 6 is not abelian but everySylowp subgroup

ofG is normal p ie up I p dividing G1 Nilpotent groups tobedefined

in a future lecture will have this property

To finish our classification we need to classify abelian p groups ie P Painthem

20.1 Classification of finiteabelian pgroups

harem2 Let G be an abelian p group say 161 p for n 1 Then there

exist a a with a ears _are such that G 4,2 cz
so 9 t 9k n Mowrer K and a ax are uniquely determinedby G

emark For notational convenience we thinkof
z cz as additive

ie I 10 1,01 is theneutralelement
ty coordinatewise is the group operation

mix
n
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Remark Say G 2pA _What are the properties ofan ae

Note ord g p for all gff because a 9k and

Cls Sk left Cf so.es o c plwith o f a

cgu o c plkwith lea
Furthermore 9 10 __ 0,11 has order pak

In particular we know the value of an if G
a 4g because

smorphisms preserve the order of elements

Proof We prove the statementlexistence uniqueness byamplete induction on n

Base case n t is trivial 161 p G because it is cyclinoforder

In particular k a I are unique
Inductive Step Weassume the statement is true for anyabelian pgroup of order

pm with men

Let a max s such that ordlo p for some TEGE

ie p is the largestorder of an element of G

Note that as because G 214 so 7g EG with ordly 1

Fix TEG with ord 5 p Let H Cr Yaz
Since G is abelian HE G p

h
with n aan

If a n wehave G az
with k l and a n

Uniqueness follows because a max s ord to ps to T E Kaz Yanz
because a Eau This frees an a n thus k t

If asn by inductive hypothesis applied to we have Yang
for k 131 tea E Eau with a t take n a

In particular we can find 5 ign EG of orders pal p respectively

such that 3511 Ju generates GH
Ii A Jj j i see i j lei jan 1



1 We would like to have a wayto recover Gtrm Hand However

for general groups G wedon'thate G Hx we don'thave a normal

subgroup NEG with N

However we can in general lift Tie to Sme TIE II with

Kiril Tilt Ji for it k 1 In particular ordiji p ordloitt

ord15 p TIP EH but notnecessarily 15 P 1

Thenext claim ensures see rift 5 I will havethe rightorder
Claim1 Forevery is 1 n k 1 we can find 5 EG suchthat Ji rith ti

ord Fi pai inG

Assuming theclaim we finish proving the result We'll discusstheproofnexttime

Set On 5 9k a

Set Hi Cri i ti k We have

Hi G 1because G is abelian

Hi Zpaiz since ord tri p
Claim 2 H the satisfy conditions 1 and 121 ofProposition519.2

Pff I't holdsbecause 51 5 generate G This is a consequence of a general

fact finnGgroup and HAG thentheunionof animating set of Hand any lifts
of a generating set of under R G 01H ites G

Weneedtoshow H A H Hit Hit Hk les ti t k

Westart by proving the statement for it Note that

H Ha_ IG
natural projection

TIH Hu n k
I 1H Ha_ 5917 syn i has size p same as 1 1,1
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Since 1H Ha it 1H than p part p
t the

p 1
weconclude it is an isomorphismbythe 1ˢᵗ IsomorphismThuram

Thus Ker A H the bes
in

Next we discuss i i r k t

Note 4
t.gg

It Hin Hi Hi Hit Ha
andJj p

D

then i Xi it a ewith j rj Etty j for some bj aj
i the X He Xette X Ha it k he1the yields
jii 24 51 Ji Fifi Ju Gun
5,4 is i'jiijiiit 5ii eeGu

Since Y is an isomorphism we conclude b bi bi bit bn.io
This X X Tib e as we wanted to show

Combining Claim and Proposition519.1 weget Gett the so the
decomposition exists

It remains to prove Claim show uniqueness We will do this next
time


