
 
Lecture X1 Classificationof finiteabeliangroups I

22.1 Classification of finiteabelian pgroups

lasttime wediscussed the following result

Theorem2 Let G be an abelian p group say 161 p for n 1 Then there

exist a a with a ears _are such that G
z cz

so 9 t 9k n Mowrer K and a ax are uniquely determinedby G
Proof of Existence

We used induction to prove the existence Define

9
Hey

s t ordig p's a

and pick 5 Ok any element of G of order p
CASEI a n is clear

CASE2 ACU

St the CTD use IIHI to decompose
aa.az

cg s P
with 9 Eaze an_ 9 t tale i n a

Notation Tie of order p with Ji 4110 191,0 0
stops

Inspot
Weusedthe following claim to lift thedecomposition from too
Claim1 Forevery is 1 n k 1 we can find 5 EG suchthat f rith ti

ord Fi pai inG
Proof of Claim1 Wewentto finds EG such thatf policing

This problem can be handled individuallyhr each i It is a consequence of the

following lemma applied to H R Kyis G HK I a andGz Cy

where I G 62 by the First Is Theorem



2
Lemma Let H be an abeliangroup oforder 1H p Let

l max s t ord o P for some TEH

Assume that there exists 6 2H with G I eiz such that

Gz ezz In particular l 12 1

Let y EG be a generator of G2 Then we can find tzE.tl such that

y TG and ord 1oz ordly p

Proof Let us choose 5 EG a generator of G _Pick EH suchthat

G y E I Gz is a generator of Gz

Then pley o in Ga implies plex EG 3 jet 0 j p
Writing the corresponding j in terms of p as j p'm for some o m oesce

with m p 7 1 we get plex p m Ti

Key H is a p group pkm so no has order p l same as 5

ord plex pets so ordex plitez
s pl s pl

because pl was the largestorder of any element in H
Thus s l l lz
Conclusion pl ps teams pl x psdemo

Take Tz pskm 5

claim ord Tc plz and 9 026

PH 026 IX Ps l'm G G y

ord 1oz p by
It ord 1oz cpl p TzG pry o for some role so

ordly people cut
This finishes the proof of existence fromLecture 20



Proof of Uniqueness

Assume we host's seconddecomposition is an isomorphism
G

4pm Hez with In
him be max s ord x p for

biz bez
SinceX is an iso order of elements are preserved Thus be 9k
Fix reG of orderpak Then 4151 has order p
If 4107 1 1 Yet theorder condition has ordixe p

be so e
generates

pbez x ̅

Feng 14pm be.at
ati

orderp
a

g f
hiz be iz

g It i when i z be iz 4pbiz xp z
121 Ze it 1 12 11 ite 1,9

Claim g is an ismorphism

Pf g is a group homomorphismbecause it is a composition of grouphomomorphisms

The source and targetgroups of g have the same order namely p
9

So to prove 8 is an isomorphism we needonly show it is injective
Pick zeker g so 2 121 Ze satisfies121 Ze n 0 E 4107
Since 415 1 1 Xel has order pbe we can find celo pbé

t Zi Ze e o 1 1 Xe lexis exe

in particular ke Since ord e p we get c 0

Thus I 0 as we wanted M

UsingtheClaim weobtain a decompositions for the group whichhasorderp



a z Yang a be iz

By the inductive hypothesis we get k l l l a b

a ibn 1

Since are be uniqueness has been proven

Q Howto find the structureconstants an are for abelian p groups

A Given an abelian p group Gwith161 p we consider the group homomorphism

T G G

j r g fifties

Theorem
Kerly set ker to E kerts Ekerton G

Then the rallies a ge are obtained as theindices j when the size of the
successive quotients Ker 10

egg
jump

Proof Prove this for G 2pm Ypanz In particular

9k min j Ke toil 64

Example G 5 42
x ̅ I 2 x ̅

Ker 0 4
2

Ke 02 2
2

Ker 03 Ker 0

fi fe
2
2

by 3 Is then order a

4 02 484 z
mar 2

g if 309 9 3



Remark A similar result works for finitelygenerated abelian group Thedifferen

will be G 2h G where

G is a finite abeliangroup the torsionof G which canbedecomposedfurther

usingTheorems 1 and 2 from 20.1 20.2

l is uniquely determined 21 is the loisin free partofG

You will see a proof of this for more generalstructures namely finitelygenerate
modules over PIDS in Algebra Math 5112 5991H

21.2 Classification of finite abelian groups

combining Theorems 1 2 from Lecture 20 weget a complete classification of

finite abeliangroups as direct product of cyclic p groups for all pprime numbers

deriding theorderof thegroup The powers a i sale a a as yak
with a p p a sale ait taki bi fish is

Here is an alternative decomposition of finite ab groups

harem4 Let G be a finite abelian group of order n Then there existsunique
integers di n ds with dilda dalds ds ild such that

G 21,25 42
Proof Consider the prime decomposition of n ie n p pin Pai shiftpremies

By Theorem 2 G Gp Gp with 1Gpil p
In turn byTheorem 3 we write

Gp I aiz Has z
ai Ea's

Gpa 4 42 4 2
92 a's

GPK Heat Epiga
a a's

After reordering the princes we may assume s Sk



By completing will 0 s at the beginning of eachsequence at Ea's which will

give 2
2

304 we may assume s she lie we havethesame

number of summands for eachGp Callthis number 5 keepthenotation a

We takethe direct sum of the terms on each column of with this

extension by 0 s We get
H

dz z

Hs a'sz

Define d pit since a adit we get dilditi

Claim Hi 4,2 i

Pfl z is cyclic so its Sylow p subgroups arealsocyclic Their

sizes an pjadi if pildi Theorem2 shows 4,2 pj
Completing the IRHS with 0 s gives the isomorphism claimedabove

Since G H His by mean regrouping of the a jz factors the

claim establishes the existence of the decomposition

For the uniqueness it suffices to undo theprocess Namely decompse each4,2
harem 2 and noticethat since 21,2 is cyclic all its subgroups are also cyclis
n particular it's Sylow p subgroups arecyclic as well

nm this calculation we can recover the original structure constants at ask

since thedivisibility condition ensures that a aft i j

the uniqueness of the structureconstant ensures that the di's are unique as
well



Examplei Deampse G 430021

Solution Write 300 22 3 52

subgroupsofacyclingroupareG 22 z z cyclic so Sylowp subgroupsof
G are cyclic

42 73002

I x ̅
3

5 02 452
I 100 I 65

Example Decompose G 2
2

2
2 4442

Solution Note 3 48 48 199

3 3 me z

as 24.5 no 4482 2
42 4321

tiny 24.32 ms 4442 4242 4322

EE Iiaeof 6
Conversely starting from the IRHS we recover the original iso by regrouping
by columns after adding o's We get 2 1 3

so 5 3

2242 Hi zand
He 42 82

1 3 E T

H H H H 2242 2 2 Kaz
19 E T


