
 
Lecture 11 SemidirectProducts I

22.1 General 3 Isomorphism Theorem

Recall In 59.3 we discussed the 3rd Isomorphism Theorem for groups

Theorem Given N IG let HAG with N EH Then

In I and 127 Ey
Q What can we say if N H or if H G

Lemma let NAG and H G Then theset H.N ha heh ne N

satisfies 11 H N N H G

E H H N NEH N

Proof We show H N NH bydouble inclusion

HEH h n think h NH because NAG H N E N H

nh hii'm b E HN NH E H N
Wecheck HN G by using Lemma 52.2
11 e e e EHN FIN

121 ha hah EHN thick nien in hang E HN

Indeed him hand h n ni he h hz hi n ni hz c H N r

EN EN In nj EN AG

E I see a E.HN
then MEN EN hnx1hn hinge th EN NAH N

Using the Lemma we can generalize theThird Iso Theorm

Theorem Generalized Third Isomorphism Theorem

LetGbe a group NIG a normal subgroup and H G a subgroup

Then 117 HANS H
12 Y Ann

H is agroup ismorphism

4HAN I hN



Proof By the Lemma we canconsider the group G H N Then is agroup

First we show 117 Pick hit H and HAN Then

hxh EHA hNh HAN

HI I NEG
So HANAH
Toshow we must prove 4 is well defined that it is a group isomorphism

Yis well defined h HAN THAN for h EH he HAN

Now hN I XN HEN

Since th HAN EN the result follows

Y is a group hummorphism 41h14mn h IHAN I 4 Ahh'HAN hh N

gpoperation in nN
I hN h N 91hHAN 91h'IHAN 44,4 tH

groupoperation in G

Y is surjective Gisen HEH new that N h n hN 4thHand
so Im 4 H.TN
Y is injective h than Kerl hN en her

Since he by construction we conclude h HAN Ekert he HAN ie

h HAN E in
nn

Remark 4 is obtain as I for f HGHN HN HNA group hummorphism

hi hN
Ker f HAN and f is surjective By the 1stIsomorphismTheorem
F HNA is an iso

1 Even though H and HN G it is nottrue that

G N GN if Nx is endowed with the standard coordinateur

group structure Nexttime we willdefine a hunky operation onNx

that will make MYGun a group ismurphism



522.2 Senn direct Products 3

Definition he say group G is a semi direct product of H and N if

H HEG and NAG
127 HN NH G Write G NXH
3 HAN e

Remark If G is a semi directproduct of H N by Theorem522 1 we conclude

H
h i hN

xamples O G Dan H s G H z
N C AG N

z
G

2,44T upper triangularmatrices G E GL 19

H 3 8 a a az kilos G

N EC IG

Reason o o I I 9 71
f EN xEQ a b de Q a d o

G H N N H because

1 1 6 11
Q Where do semi direct products come from

A Thereare many examples
111 Affine linear transformations in R H Gln R NE R translations

4Groups of order p.ge when p q primes and peg with 9 1modp

22.3 A motivating example

Let G be a group with 21 elements

Write 21 3.7 ms P 3 or 7 are the primes to consider



4
ng E l mod3 43 17 43 1 a 7

I mod n 3 n
bySylowTheorem

Twosituations can arise

Situation1 ns t n I ms GEP Q fly
so G is a direct product

1 Ii P Q TG k P Q G fix PnQ e

In this case G 22,2 is abelian

Situation2 43 7 n I ms 39 Syl G Pick PESyl G
We still get PnQ set G P Q 12 ftp.p.Y so 21 180

Since P G we get G is a semi direct product of P and Q
IP 3 so we write P 31 EG for EG

191 7 9 31 9,93 96416 try EG

We obtain an isomorphism 4 Conjtic Q Q since QAG

Xfx Conj c 117
with the following properties

111 4044 Conj1 3 Conjle id Q Q because Ie

2 4 is non trivial since 41g y Ey Pand A commute and this

focus G to be thedirect product of p Q which was Situation1

13 4 is an isomorphism Q

In particular 4 Auto 12 2 42,1 2 Enemy is who

hasorder 6 any tE 1,2 64 will work

Since the_element 4 fthas order3 the possible values of t are restricted

t 1 2,4 EE mod

But t t is not an option since h id t 209
aypfyf.ly



sNote P x x2 so we can apply the same reasoning to 2

m P Autop Q a non trivial group homomorphism

a 1 Conjia

ext timewe'll give a different wayto constructsemidirect products starting from two
group H N and a grouphomomorphism

α H Antop N Y N N 4 group ismurphism


