
 
Lecture 111 SemidirectProducts I

1

Recall A group G is a semi direct product of subgroupsH and N if
µ HEG and NAG
27 HN NH G Write G N XH
3 HAN e

Conjugation gives an_action GPN restricting it to H weget ON left action or

equivalently a group homomorphism α H Autap N

h i Conjth

TODAY We give a different construction of semi direct products starting from sucha

group homomorphism α

523.1 Constructing SemidirectProducts

Assume we are giventwo groupsH and N and a group homomorphism

α H Antop N Y N N 4 group ismurphism

Conditions on α h N N iso so 21h α h th
α en idN
α h ha α hi ha N N

I α h hz any α hi α1ha ni then the h EH

Using α we can define a new binary operation on G NX H differentthan the

coordinatewise one Moreprecisely
n hi α na ha n α hitme haha If

Lemma Theoperation α defines a group structure ontheset G NxH

We denote G endowedwith this operation by N H H
adf.mn12 e

reservingthenotation N H for the coordinatewise operation

Proof We need to check things
i the operation defined is associative



fit there is a neutral element 2

Iiiil everyelement has an inverse

Ii Set g In hit 82 1h2 ha 83 this host I
S a fat 93 n α hi net h hz α1h3 hs

In α1h nail α haha ing thiha h

81 2 152 293 hi hit α the α ha 1ns hah
n α hi no 1h27lust hi thchs

We check the corresponding entries of these c elements of N H agree

thihalhis hi heh because the operation on His associative

n α1h ma α haha ing In αthatnay
α hi α hall in

In αthatmail hi I ha lust fr f thdtna th thatin

h α hi nz 1h21 us
2111 gp.hm.cnN

Conclude 19 αSat 83 8 α I82 α 83

Iiil Claim eg ten e e en ez en identities on N andH

en eat In h le tea in eh 1 esh h h

In hit a leased In miles he a
is jet

heal h

Iiiil Claim Inverse of 14h Kth in 1 h I α 1h in s h

n h I 1h in 1 h In 21h1 α In 1 n g 4h

In 1214021h in y en In idnln.is en I iteα shum IE diet idN
14th11 In11 h t n h 1h l in 21h int h th

a
en 121 lent EH IN tea

Remark If α is trivial 14h idn th then NXH NxH paginates.se



Next we show that H N can be viewed as subgroups of NXαH and N

is normal in N YH
Weamsider i H N4H and iz N N X H

h I ten h n t n eh

Proposition The maps in iz are injective group homomorphisms allowing us

to new H and N as subgroups of G NXαH Furthermore

11 H G N I G

121 N H G

131 NAH Sea ten en
Proof First wecheck i is a group homomorphism

tea h a tea he lee 4th led h hz lezee haha tea h hz
2141 1 ez 1214sphm

so 2 4,1 2 2,1h 2 14,42 thishath

Next we check is is a group himmorphism

n e α the e In α tell me lie na el

so iz mi α iz nz 2214,42 tu in E N

By construction ee ler ez so Ker 12 3e f Ker tic eat
1 H G ie 21H G

Check ie N G

nishi α ne e α hi hi In hi α the e α hi ni hi

I n that in hie α α hi ini hi
n α thatthe α 1h α hi nil hihi

mind
is

e

22 n α hit Ina ni Uni na EN the H

2 NH 2 n 2,1h n EN heHE
is Int α 2 1h1 n e α ee h n tell teal e h In h



N H N x H on sets

13 NAH e by definition of i iz

Corollary Given N H groups α H Auto IN gp homomorphism the

group N 1H is the semidirect product of N A NIH and HE NX H

Note Proprition NH HN NIH by Lemma22.1

823.2 Equivalence of twoconstructions

Ournextgoal show both constructions of semi direct products internalandexternal

Let f be a group which is a semi direct product of twogroups H N

ie HN N H g NAH see

Let α H Auto IN be the group homomorphism inducedby theconjugation
act of H on N ie 1h1 In huh EN then then

Next we set G N X H as in Lemma 23.1

Proposition L G G
14h sun

is a group isomorphism

Proof First we theck this is a group homomorphism

f hi hit α theha n hi fuel haha n α1h ima haha
n h n hi hhz n h he he flu h thus ha

f is surjective because NH

f is injective because th h nh e n h NAH bed

so n e h Thus Ker f le e

Summary Semidirect products a Group hummocphisms
of H N H AntopN

G NEH



Next westate a Corollary of the 3 IsomorphismThem when He
Corollary Let G be a semi direct product of H N Then thenatural projection

F G

8 I IN
restricted to H induces an isomorphism I

µ
H GN
h I 4N

Proof I It is group humphism
G HN so I µ is surjective

HAN so I H is injective

Q Whatdoes this mean

A For every coset JE GN we can find a representative I TyN said that
ord glry ordal51
Tyy Ty Ty

Namely Ty MH g E H E G

Summary I N FG and HEG

3 Is Theorem HEG H

It YIE.GE
F G

Oye 5 lifting

Nexttime Compute Antop IN to some groupsN


