
 
Lecture XXIV SemidirectProducts II

Recall We have 2 constructions of semi directproducts

A group G is a semi direct product of subgroupsH and N if
µ HEG and NAG
127 HN NH G Write G N.XH
3 HAN e

Conjugation gives an_action GPN restricting it to H weget ON left action or

equivalently a group homomorphism α H AutopIN
h i Conj1h1

Given 2 groups H N and a group homomorphism α H AutopIN

we define agroup N X H IN XH α where

nishi na ha n α hitme haha If
EngH ten CHI

n h 21h in 17 h then that

Proposition N NUH H NIH are injective group homomorphisms
n i n en h i th en

Furthermore in HE NXαH NA NXαH
121 H N N H NAH
13 HAN e

So NXαH N X H

829.1 Equivalence of twoconstructions

Ournextgoal show both constructions of semi direct products internalandexternal

Let f be a group which is a semi direct product of two subgroups H N

Let α H Auto IN be the group homomorphism inducedby theconjugation

act of H on N ie 1h1 In huh EN then then



Next we set G N X H as in Lemma 23.1

Proposition.t L G G
14h sun

is a group isomorphism

Proof First we theck this is a group homomorphism

f hi hit α theha n hi na haha n α1h tha haha
n h n hi hhz n h hehe flu h thus ha

f is surjective because NH

f is injective because th h nh e n h NAH bed

so n e h Thus Ker f le e

Conversely given G NX H we have G is the_semi directproduct of N H

Proposition 2 Themap β H Antop N inducedbytheactionbyconjugation agreeswithα

Proof NE NY H H NXαH
n to f eat h ten h

hyngh tenhlfn.CH en h endingin h'éi en h

tenants et

so 31h71m 2147in nEN then A α

Corollary Gisen N H groups wehave a 1 to 1correspondence

Groupstructures M N XH

I IEYYEI.in
In I airain the

Proof PropositionI say Yo id Proposition 2 says 04 id

1 Different α H Antop N can giverise to isomorphicgroupsNXαH

example H N G un abelian α G Autop G inducedby conjugation
Then α TrivialbutGXαG I G G 19 b ab b is group iso since



449 b α 1 242 419 b 926 bitz a b 925 b b b b p b Gabe bibz
Larbi bit lazbeibel 4191 bill 4 1192,52 gp homomorphism

if surjective 41451,511 19,5
Y injecture 4k b le e ab e be 19,4 19

Next westate a Corollary of the 3ʳᵈIsomorphismThem when G HN HAN Ies

Corollary2 Let G be a semi direct product of H N Then thenatural projection

F G 8 I IN
restricted to induces an isomorphism I

µ
H GN
h I hN

Proof I It is group humphism
G HN so I µ is surjective

HAN so I H is injective

Q Whatdoes this mean

A For every coset JE GN we can find a representative I TyN said that
ord glry ordal51
Tyy Ty Ty

Namely Ty MH g E H E G

Summary N FG and HEG

3 Is Theorem HEG H

It LEG
F G

if lifting

STEP 1 to build semi directproducts distinguish them is to understand Autgp.IN

25.2 Computing AutgpG

We focus on some examples first We start with the case when Gis cyclic
Example1 Aut

Gp 12 If 3 2 spiso Z D C 1

Iso 1 fit 1 so identity Only generators 1

Iso 2 fill I so idz It hasorder 2 f 1 1 1



Antop 2 3 14 222
Example2 Autep 12 2 3 f 42 z sp iso p prime

Write GEAntop as Tx 2
2 42
I 1

Group structure in Autap 4pz
Ox Ty 141 Tx y Tx y 1 I 85 11 y Oxy11

g Étes
This oxory Oxy Auto 1 2 is abelian

We need Ox invertible idzp so Tx Ty Oxy T

This means X is invertible in
z Only mn valid choice o because

p is prime
Conclude Auto p

multiplicativegroup of non zero elements

Example 3 W Auto 2
2 ox 282 sp is

As before Tory Oxy 5 d
z

m Autep 1 2 is

Tx is invertible Fy y I mod8 abelian

Options for x x 1,3 5,7

Its 03 F Of 9 To

03005 Of D
Log n cos let a Aw Crs Aw Cos Cos W

w

53 Ts

Lemma G cyclic W Auto G is abelian

Proof Fix a generator JEG Then any group homomorphism G G G
is completely determined by fir E G

Since we have a classification ofcyclic groups we write 6 2
2 for me



2 2
2

Then FEW beams F G
Imam

write h Tx

Tx Ty is Tx y and m 5 1 his stiff msdd y m

Txy i Thus Tx Ty Oxy Ty Ox yy

T idg
W is abelian

Q What values of x ensure ox Autap 2
2

A Weneed Tx to be invertible

Tx is an iso if andonly if ye 2 2 such that y Imod m

god mix 1

Corollary For all me Antop Enz c212 gad m 1

witho operation In particular IAntop12 2 1 4in IEuler's 4 function


