















































Lecture XXVIII Composition Series

Recallthe planto study finite groups
111 Classification of finite simple groups simplegp a gpwithme profer nm trivial

normal subgroups
2 Generalresult in howto hit groups together

TODAY We focuson 2

28.1 Composition Series

Definition Let G be a group A compositionseries of G is a finite sequence ofnormal

subgroups

Ʃ G Go D G D Gz I Gn hee Git A Gi tie n

Name The sequence of suresive quotients Gilgit are often called the

graded pieces of Ʃ In G na Ʃ

Sometimes we will use the notation ar G to label the ithgradedpieceofG
G obtained via the composition series Ʃ

Definition We saythe composition series Ʃ is strict if Gi Git i 0 in

That is y 167 39 i

Example1 G Dan diberalgroup

Ʃ Dan Go 7 G r I see is a strict compositionseries

Gradedpieces 222 z

Note We can refine Ʃ by adding moreterms between G see This will

correspond to a composition series of 242

Example2 Ʃ Sn D An D set is a strict composition series for Sn
Graded pieces 4 222 An

An 0 resn is a 3 cycle alternating group 1An future
Wewill see that I cannot be refined in a strict way if n 5 Reason An ftp.le
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528.2Refinements of compositionseries

Let G be a group and let therebe two composition series

Ʃ G Go E G 5 Gn he

z G G B G D G'm he

Definition We say is finer than Ʃ or is a refinement of Ʃ if Ʃ is

obtained from Ʃ by omitting a fewterms
Equivalently Ʃ is a coarsening of 22

Example I Go D D G L I see

I Go D B Gi er I Gt Cr I see

Iz is finerthan I for Ʃ is a coarsening of E ie sometermsdropped

A IB IC does Not imply A AC

Example Take any non trivial group H and form a semidirect product

C G HxH 2 α s x all 14 x

B 1H
A Hiter H

A since sigh s I feel s h e e a lieet s

If here diss he s 145 ke.es s t

e h s lee s 1 e h α is le e ss e h e A
Consequence Dropping terms of a composition series need not give a composition series

528.3Equivalence of compositionseries

Let G and H be two groups an let Ʃ G Go 7 G B I Gn see
Ʃ H H D H D I Am he

be two composition series



Definition We say Ʃ and Ʃ are equivalent if men andwehavea permutation

TE Su such that Gig Holily Sn pinnation of 0,4 n t

ie the sets Giant lit and Hj
Hp

are the same

Remark We didn't require G andH be isomorphic In fact theyneed notbe

as the nextexample shows

Example Consider G Do with the following composition series

2 Dg G Go G Go Cr G see

Take H Q 2 j Ik with operations 1 1 It

m JI k 1 ij ji k jk kj i ki ike

Qp H Ho B H i 4 is Ha L 1 EH le

We getthe same gradedpieces if 222 3 times so Ʃ and Ʃ are

equivalent However D8 Q because D8 has 2 elements oforders
3 but Qy has 6 elements oforders Ii Ij Ik

828.4Jordan Holder series

Definition A composition series Ʃ of a groupG is said to be Jordan Holder

if it is strict and any strictcomposition series Ʃ finer that Ʃ isequal
to Ʃ
In short a Jordan Holder series is maximal aning all strict compositionscices

Note If IGI so it may not admit any JordanHilder series

Example 2 G Go Let Ʃ 2 72 72 72mn I Zmeles
Since 2 is cyclic eachZz is cyclic so 2m Cr 53,1 But we can

refine Ʃ via Zm_ I car I Zm Ʃ is not JH


