
 
Lecture XXIX Jordan Hilderseries

Lasttime we introduced composition seriesand Jordan Holder series

Acomposition series of a group G is a descending sequence of normal subgroups

G Go G E G D I Gn see

Remember Gj neednot benormal inGj j
Graded pieces associated to Ʃ g G Gilgit 11 0,1 n i

Lengthof Ʃ n

Ʃ is a refinement of Ʃ if Ʃ is a composition series obtained from Ʃ by addingnorm

subgroups equivalent Ʃ is obtained from Ʃ by omitting terms In particular we

have length Ʃ length Ʃ

Ʃ is equivalent to Ʃ if i length Ʃ length Ez
R they have the same gradedpieces possiblyuptopermutation

Example 242
2
22 304

2
22 D 212 404 310,01

an fiment eventhough ftp.smmnfn.t

Ʃ is strict if ye G set to m t Equivalently Gi Git i

A Jordan Holder series is a strict compositionseries that is maximal relativetorefinement

among all strict composition series Meaning Ʃ is JH if stuct and forevery Ʃ strict an

finerthan Ʃ we have Ʃ Ʃ

529.1 Characterization existence of J Hseries

Lemma Let Gbeagroup A strict composition series Ʃ G C Gm 3e

is Jordan Holder if andonly if each
Gig is simple i o n t

Proof This follows fromthe 2ⁿᵈ Isomorphism Theorem
We prove the antropsitive If is not simple for some i Then N

untrivial proper normal subgroup of Gig By theSeand IsmorphismTheorem applied



to Gi Gif wehave NET_ N Gi Git E N Since Git I G then wehave

Git I N So Ʃ is not maximal we can refine it by replacing Gi 7Git with

Gi N I Giti This Ʃ is not Jordan Hilder

Again we prove the contrapositive If Ʃ is notJordanHolder we can refine it

g some Ʃ In particular for some i we replace Gi Git by
Gi Gi GI Gift with j z

Applying the commicalprojective it G
Gig

we obtain a chain

Gilgit Gilgit Giya he

Since Ker K Git these incisions are strict

Furthermore since IT is surjective G I G Gilgit G
it

In particular he Gilgit Gift so Gait is not simple

Proposition Erecy finiteG admits at least one JordanHolder series

Proof We proceed by complete induction in 161

Base case IG 1 G SEE is the Jordan Hilder series

Inductive Step Fix a finite groupG assume that thestatement is true hr all
group H with 1H 161 Wewill build a composition series for G

Choose a maximal normal profer subgroup of G say N For example NPG
with IN maximal will satisfy this property
If N les thenG is simpleorGleb hence the only composition series of G is G E 39

It is strict if 16171 andmaximal so it is a Jordan Hilder series if 16131
If G es E G Go is JH

Otherwise G Go IN see is a strict composition series and issimple

because Normal subgroupsof normalsubgroups ofG G N
containing N sicense n ismxl

bythe2ⁿᵈ Ismorphism Theorem
Now IN GI so by IH N No N P I Nm set JordanHolder



series BytheLemme we have Nitwit is simple i o m t

Then Ʃ G Go G N Ga N I D Gm Nm les is a strict

compositionseries for G Since byconstruction Gilgit is simple i thesame Lemma

ensures that Ʃ is Jordan Holder

29.2 Uniqueness of J H series

Our first result discussed howto build equivalentrefinements of 2 composition series

Throum Schneier Let Ʃ and Ez be two composition series of a groupG Then thereexist

refinements Ʃ of Ʃ Ez respectively such that Ʃ is equivalent toƩ's

Corollary Any 2 J H series of a givengroup G are equivalent

Proof Let E E J H series of G TheThrown produces utinements Ʃ of Ʃ
Ʃ 2 of Ʃ

with Ʃ is equivalent to E's

But Ʃ E an maximal among strict composition series of G This means that tori.ir

is either equal to Ʃ or Ʃ's is not strict

Thus if Ʃ G Go G I Gz I I Gises then necessarily Ʃ hastheform
Ʃ G a and som

hesame conclusion applies to Ʃ's

In particular after removing repetitions Ʃ Ʃ's have the same non trivial graded

eas because Ʃ Ʃ's are equivalent These are precisely thesafegraded pieces as Ʃ Ez
So 3gƩ G gr G o jslength Ʃ 1 with ge G see hr i 1,2

In particular length E length Ez 3njE G 4 5951674

ample Ʃ 262 212 3304
Ez 262 2 22 210

both are J Hseries

ssociated graded pieces with respect to Ʃ 2 2
2

Ez 4232 2224



Proofof Theorem Assume we are given 2 composition series E Ez of a groupG Write

Ʃ G Ho I H I I Hn set

Ez G ko K D I km be

Idea Use Ʃ to refine each Hi I Hit foreach i o n t

Hi B Hitt ms Hi Hinkol Hit

H k t Hit TOTAL of Imtil terms

Hit thin Kml Hit

Claim 1 Hink Hit EH j
Pf Hink Hi Hit GH Hinkil Hit Hi byLemma522.1

Claim2 Hinkjl Hit I Hinkit Hit jabit time Hi byLemma522
weprove this on page6

We set big Hink Hit for ÉjÉñ

ByClaim 2 Lij D hi jt is a n t 5 0 m t

Byconstruction Lim bit o Hit 9 in 1

I ii ii ii
tin Lon 1 In.im see

We let Ʃ be theabosecompositionseriesafter removing bye Leo honey

In particular Ʃ refines Ʃ tall s arepartof Ʃ length Ʃ n.im til n n

Similarly we can use Ʃ to refine Ʃ 2 Set Rig kjAHit Kjt 8



Since Kjt ok Kinnicki wehave Rig kj ti

Analogously I claim 2 we have Bin j Rij
Rn j kit Bajt j g m t

Weget G Ko Ko Ho Ri 3 R2 B Ryo

km o Bgm PRn.mn

We let Ʃ's be theabosecompositionseriesafter removing Ro i Ro z Bgm 1

In particular Ʃ refiner Ʃ all Ki's an partof z laugh 1 mintil m.nu

Thus to prose Ʃ Ʃ's are equivalent we needto identify their associate grade

pieces

Claim3 Lei I bi.it in Ʃ and Ri Bit j 1in E give ismurphis

quotients

Both Claim 2 3 are consequences of Zassenhaus Lemma below

In the proof thereare a groups her think.gl Hit Rij think Kjt
Li jti thinlytil Hit Bity Hitink kit

where Hit Hi KjtAkj
For notational convenience wewrite H H D Hit tt

K KjIKjti k



Zassenhaus Lemma Let H H Kand K be foursubgroups of G with g
6

Then Ill Hnk H I HNKI.tt
KAH k a knth k
HAKY Hnk 1 HNK

Y
Kalki
tenth k it tink

Remark Thisstatement is also known as the butterflylemme

K
H

H HNK K HNK

17
Hinky ok Kitik

n
H Hnk Hnk K

Hnk Hnk
Proof I Since H'sH Hnk EH we know by Lemma 22.1 HNK H H

Similarly H H Hnk H Hnk H H

We have tink's Hnk so tank H Hink H

Claim1 K 1K HNK's tink

ps getink metink h tkg.itichetlcausegekTheesgtink'gHnk'UgeHnk
Claim2 H 1H K 9K Hnk H 1 Hnk H
P

ks.IEe ish lxsslsas tsulxssnig.itinignggije
iiE

Bysymmetry KAH K I knH k



Next tink's Hnk by claim1 Hink tink so Hak think Hnk

byLemma822.1
Claims Hnk a Hnk KAH stink Hnk knh stink

Pfl xeHnk yekint hetink hxght thxh tllhgh.tl
Funk h think hxh E Hnk because Hnk I tink

yelinh I'tHak high KAH K'nHa Hnk
So high flak't KMH

121 By symmetry it is enoughto show HNK H HAK

HAK H Hnk IK'nHl
This is precisely the 3ʳᵈ Ismorphism theorem applied to the groupE Hnk H
the subgroup H HNK the normal subgroup N IHAK H

Claim N Hnk Hnk H Hnk H
Pf Hnk tink so fink think't Hnk

Claim5 Fnn Hink AN HAH KinHl
f Hnk AN And n l Hnk H l É think K'nH
e know think K 1H K'nH Hnk byLemme 22.1 since Hink 1 HNK K'nH Hnk

121 Hink Stink Kink Hnk think 1K'nH Hnk
Hink EH Hnk KAH think H
Let x Hnk A think't H't so ab with a stink bet

In particular xetink attink stink be a x tink NH Hnk

x ab Hall Hnk as we wanted

3gthe3ʳᵈ Iso theorem combined with Claims4 5 weget

HNK H II I
Hnk H F N Inn I final

Claim4 3 Isothorm Claims this is symmetric
inHH CKKY


