
 
Lecture XXX Solvable groups

Recall We introducedthe notionof a composition series of a groupG

Composition series descending chain of normal subgroups

Σ G Go 76 7 7 Gn see

Jaden Hilderseries strict composition series lie all I maximal withrespectto

refinements

Certain composition series canbe constructed via commutators

5 30.1 Commutators

Definition Let G be a group and x j EG Thecommutator between x y is

x y x y g E G

Note x y xgx y g x g x y x

Definition Given A B G subsets A B a b afA beB

Lemma If A B 1 G A B 1 G In particular G G 16

Proof Given a b aba b with a EA be B and g EG we have

a b xaba b x ax bx ax b x xax bx

6 ax EA x

BIG xsx.ie B
a b e A B

In general any A B has the form x x x2 n for E

Xi Cai bi with a f A b EB for i b in

gxg fx g gxng E A B gtG sima sxig.ie A B
Hence A B IG

30.2 Commutator Series

Alternative name Derived series



1 The word derived has changed its meaning thesedays We have things
like desired categories desiredfunctors devised AlgebraicGeometry etc

So it is probably better to use commutator series forthisconstruction

Let G be a group Take G G G G G G 6 G

Glet G e G l

We obtain a perhaps infinite series

Σ G G I 6 I 612 I

Definition Theseries Σ is called the commutator series ofG

Theseries Σ may not end in be even if G is finite

Lemma For any group H the quotient group
p
by H H 1H is abelian

It is the largest abelian group which admits a surjective group homomorphism fromH

More precisely if A is anyabeliangroup and f H A is a group homomorphism

then H H C Ker f H A

Furthermore if A Happy f t then Ker Ifl H H

Proof Pick x yele We show H H Y HH e HH in
yH Indeed

H H y H H H H ly HH xyx y H H x y H H C HH

so HyHy
is abelian

If f H A is a group hummorphism A is abelian then his any x y EH

we have f x y fix fig e because A is abelian

Thus x y Kerf x yet Since Ker t is a group H H Ker f

By the 1ˢᵗ Ismorphism Theorem h factors through
gg

as we wanted

Corollary Theassociated graded pieces retitle of the commutator series areabelian



30.3 Examples
3

G abelian G 6,6 leg 6191 319 He

G 4 9 9 Cto b arbitrary GL 01

I l all t.tn
as lacal i

where d be of be b'eggs
bat

key anyvalue in has this form a a 1 c s 1 b o barbitrary

d 11 2b 2b b free

Conclusion G 0,6 f i x EC

This is an abelian group Y j 7
6 16 G 3es

Thus the composition series of this group is G G D G D G leg
7

Assume G is simple un abelian Example As wewillsee this in afuturelecture
Lemma If G is a simple non abelian group then G'll G l In

particular the commutatorsenes is never ending in hell

Proof G G A G by Lemma 530.1

But G G e because G is un abelian 1 a b EGwith abeba ie
e a b G G

As G is simple we conclude that G G G

30.4 Solvable groups

Definition We say a groupG is solvable if for some no wehave G he

Examples an solvable

An hr n 5 or any simplenon abeliangroup as in is notsolvable



Theterm solvable originated in the concept of solvability byradicals of a polynomial
equation You will learnmoreabout it in Honors Algeba II GaloisTheory but here is a

rough dictionaryto illustratethis

ax'tbxts so can be solved b b 99C in terms of
19 01 29

polynomials in a b c leg b Gac

radicals I squarewots leg b2T
The reason for this will turn out tobe 222 52 is solvable

53 Do r s 1 3 521 Srs r t

iii
11271123 12 213 1123

t
1123

3
1 11 2

2
1

4 sri 112 1123 id is impossible since ord 11235 1013

41 5 112315 id j o ord 1121 2

4 is injective gp homomorphism Since 153 Do 6 4 is an isomorphism

Do Do s r srs r t r t t r s r e G

sirs skre sirishre r is is 15k
Gcases i k o is re e

2 1 k o sri re srirer is r e sees r d sister
i o k t ri see risier is es rise is sri raj

i i k s s srk seise r o's_ r ks r jrkr i.gr s rkr

Do Do Crs

G Cr abelian

Conclude S D 6101 I G 2
32 D G set is also solvable

This implies that any degree 3 polynomial equation canbe solved

Example
3 3Ax B o is solved x r At where r B YB 4A3

Here M 1 s an theradicals



Sy is also solvable we'llseethis in a future lecture

Read about solving degree9equations if you are interested

Ss Sn for all ns s are not solvable This will imply that ageneraldegrees

equation has no explicit solution by radicals liketheonesdescribed above


