
 
Lecture XXXI SolvableGroups I

Recall Wedefined solvable groups as follows

G G 6 6 6 612 6 t G G ok G

By Lemma 530.2 filth a Gill
G is solvable if G set for sufficiently large N

Q How canwe decide if G is solvable without computing all G l

TODAY'S GOAL Find alternative tests for solvability

31.1Propertiesof Commutator subgroups

Lemma Fix G a group

1 E o
is abelian

121 Any subgroup antaining G G is normal

13 If HAG satisfies G is abelian then 6,6 EH

Proof it wasduein Lemma 830.2

12 If G G E H G then I H a Gf a
because is abelian

where I G
o

is thenatural projection

But Ker k 6,6 H so I FH H

By the 2ⁿᵈ Isomorphism Thrown Normal subgroups

raas Titian
AH

H TYTHY

13 If I G 64 then K aba b Kla I b Ma ITb set because

64 is abelian
Thus a b Ekert H Ha BEG so G G EH

Consequence G leti is abelian l

The next result gives a converse to this assertion

Thrown Let G be a group Then G is solvable it andmly if thereexists a

composition series Σ G K 5K I km les sad that n G Kik is
abelian for every5 0,1 m



Proof Assume G is solvable so G N 319 for some N Take Kj G
for all j m N This descending sequence is a composition series

1 We will prose that Kj G's j gy m by induction on j
Basecase j o 6 G K

Inductive step Fixojom assume 615 Kj
Since Kit Kj Kipp is abelian by Lemma 2 we have kj k Kit

Then 6 615 6151 Kj Kj Kjn

In particular Glm km be so 61m he Thus G is solvable

31.2 Consequences of Theorem531.1

Corollary1 Let G be a group and H G a subgroup If G is solvable so is H

Proof Assume G is solvable and let n o be so that 6 SEE

Webuild the commutator series for N

Claim H l 6 ll e

Pf Easy induction on l H E G H H H 6,6 G etc

In particular n G see so His solvable

Corollary2 Criteria for solvability

Let G be a group and N1 G a normal subgroup Then

G is solvable if andmly if IN issolvable GIN is solvable

Proof Assume G is solvable and pick uso with G see By Corollary I
N is solvable N see

Now we consider thenatural projection T G GIN
Claim GN

e I G e o

Pf By induction nl
Basecase 1 0 Gp Gn I G



InductiveStep We assume 120 le I Glel

Since IT is a group homomorphism we have

I o a It Gless 1516193

In particular G I G The en is unit of Gn Hence Gn is solvab

We assume N GN are solvable By Theorem 31.1 thereexist composition

series Σ Gn Go G D G D Gesses
I N No D N D N2 7 Dna beg

with abeliangraded pieces

Using the natural projection K G 9N we define Gj I Gj EG oejel
Get Ni o sie

ist 6 6.2612 36

É Ehn
Forthe first part of Σ G 36 2 Get we need to show

lil Gj Git j o l l

Iiil Gj Gj Gjyg.pt thence abelian

If this where true G would have a composition series Σ with graded abelian piece
and the Theorem would imply that G is solvable
Proofof Ii and siil G T G It is senjectivebydefinition

i

Gj I Gj Gift Then hj is a surjective group hummorphism

Ker fi If Eti I 15 1 nGj GitinGj Gjt
Hence Gjti Gj Gift I 5g by the 1ˢᵗ Iso theorem

Corollary 3 Every p group is solvable



Recall from Theorem 514.2 that p groups have nontrivial centers We obtained

this froma moregeneral statement

GP X IG P in 1 1 HEY
Proof X disjoint union of orbits under G action

elements in an a bit divides IG p by Stabilizer Orbitcorrespondence

1 1 orbitsthat have just oneelement undp
1 61 modIrl

In particular if we let G GG by conjugation then

161 12 EG gxg x geG4 21611 Imd Pl

Proofof Corollary3 By Proposition 14.2 G admits a chain of nomalsubgroups

he4 t.AZ Z Zs G

suchthat each quotient Zitz 11545 1 is an abelian p group

In the proof wepicked 2 Z G proved thestatement byinductionon r if 161 p

Setting K Zs i wehave

Σ G k KK 4 4kg Ks 3 4
with Kiki abelian ti o s t Thus byTheorem 531 z G is solvable


