
 
Lecture XXXII Nilpotent Groups I

Summary Mainpropertiesof solvable groups
11 G se for some n so where G G 6kt G l a'll ke so
12 There exists a composition series of G withabeliangraded pieces

13 Sub quotients of solvable groups are solvable

4 NAG are solvable G is solvable

32.1 Jordan Holderseriesandsolvablegroups

Proposition let G be a finite solvablegroup Then for any Jordan Holder series

Ʃ G Ho I 4 7 He 7 He_set
of G the associated gradedpieces are abelian and simple
Hence

Hilty
2
2 to Po Pi Pe primes

Proof We know that graded pieces of Jordan Hilderseries are simple Lemma528

Since G is solvable G admits a composition series Ʃ with abeliangradedpieces

Let Ʃ Gello B K I Kz I D Knife be this series

Now bySchreier's Theorem we can find a common refinement between Ʃ E upto

equivalence let Ʃ be such refinement

However Ʃ is Judan Holder any refinementof Ʃ istrivial That is wecan

onlyhave a sillyrefinement
Ʃ G to He Hitt H Ith He He He he

In particular the non trivial graded pieces ofƩ are simple

Claim Sincethe graded pieces of Ʃ an abelian any
refinement of Ʃ will here abelian

graded pieces

Proof Any refinement between Ki 7 Kit will give Ki I Ki 7 I Ki si ki
and it correspondsto a refinementof Bse n'a pt kii IN kisi s
where I Ki Kiki is the natural projection



Since Kif is abelian then I Ki is abelian forall j so

111T
sabelian

I Kilki jt
intense

IIa I in

sips.tn iiiit if c mistakis

King
king

is abelian j as we wanted toshow

Conclusion Ʃ has graded pieces that are abelian either trivial or simple
Thus thegraded piecesof Ʃ whichare the un trivial pieces of Ʃ are abelian and

simple as we wantedto show

To finite weuse the2ⁿᵈStructurethemapplied to the graded pieces of Ʃ whicharefinite
abelian groups Indeed gig G 2 2

2
2 with dildit ti

Since thesegroupsare simple wemust have r 1

Now 212 is simple if and rely it d isprime
Therefor gj 6 Z

p 2 for some primepj This includes theproof

32.2 Lower Central Series

Definition Let G be a group Define
G G C G G C G 1 G by Lemma530.1
SIG G G 16 by Lemma530.1
It IG G CJ G A G by Lemma530.1 since9 9 g

We call C G 216 7 SIG 7 it G I the flower
central series ofG

I Needto check Ck 01 a Ckt to the see Remark 121below

Definition A group G is nilpotent if C G 3es for some v31

Remarks 11 C G G C G G G G forthe commutator series

Corollary1 G abelian G nilpotent



kt G G C G is generated by 35 5 x SEG E C G

But G 16 gxg 16 Sima E CK G weget gxg x e YG

This is why G I G k In particular
t
G C G so ta a 46

3 For a nilpotentgroup G the central series of G is a composition series

G 167 0 4G 7 7
m
6 e its some m

Moreover it has theproperty that
C G G C G C 16 la

Hence by Lemma 30.1 Chitti_is abelian Bythe 3
ᵈ
ismorphism theorem

wehave g
clot This combinedwiththe fact thatquotients of abelian

Éditions
groups are abelian proves the claim

Corollary2 G nilpotent G solvable

I The averse is nottrue

Example B 8 a c to bed Ghz 11 limertitle uppertriangular
matrices

C B B

CYB B B 4 arbitrary 30.3 Example 2

3 s 3,210
A typical generator of

3
B is of the form

3

f i where d a la sit

a a a

p
six as

g i

Note d need not be o if to 9 1

In fact d is arbitrary
3 B C B By induction B B n 2



Hence B is notnilpotent However we know it is solvable because 2B is

abelian B B B 437 B see

32.3 Properties of Nilpotent groups

The nextresult gives an alternative characterization of nilpotent groups

Theorem Let G be a group Then G is nilpotent it andonly if G has a

composition series

Ʃ G H H He9 D Hm les
such that G He He for every 1 91 m t

Inparticular He He Hett so Hefe
is abelian V1

Proof Take Ʃ to be the lowercentral series ie He IG l

Assume such a composition series Ʃ exists
Claim Clt G He l g m

PH By induction on l
BaseCase 1 0 C G G Ho
InductiveStep Clt G G C 161

ftp.G
the Hett

Impt

Since Hm les we arched that c la set so G is nilpotent

Next we discuss more properties of nilpotent groups analogous to those forsolvab

groups discussed in Lecture 31

Corollary1 Let G be a group and H G a subgroup If G isnilpotent so is H

Proof Enoughtoshow C H G l 1 By induction n l
BaseCase l 1 C HI H E G C IG
InductiveStep Assume Ce H Ce G

et th H c k
a fear cette



Since C is nilpotent then m st m G beE Thes 1H 319 showing

H is also nilpotent

Corollary Let G be a group and NAG a normal subgroup If G ismilpotent thenbut

N and G are also nilpotent

Proof By Corollary I we know N is nilpotent To show Gin is nilpotent it is

enough to show Ch GIN I CIG He 1,2 where I G G is the

natural projection We do so by induction n l
BaseCase 1 1 C Gin I G I C G
InductiveStep Assume Ce G I CIG

et Gin chant Ito tidal it
If G is nilpotent m st IG This cm19N T c G I 1sec Sen
so Gn is nilpotent as well

Thenext result indicatesthe converse to Corollary 2 is nottrue IN needs to satisfy an ext

anditin

Thrown Criteria for nilpotent.g

Let Gbe a group Then G is nilpotent it andonly if thereexists A IG with

A ZIG lanterof G such that GA is nilpotent

Note A EZ 6 is abelian so it is automatically nilpotent In addition A ZIG A 1

Proof Follows from Corollary 2 Take N ZIG
Consider thenatural projection I G Gf Let us be suchthat

EGA nexists because GA is nilpotent

By Proofof Corollary 2 we know C GA I G SEGAY so

C G Ker I A Since AEZ G we have

G G C G G A egg so G seat
Weconclude From this that G is nilpotent



Corollary3 All pgroups are nilpotent
Proof Let G be a p group Gl p rat We provethe statementby complete
inductionon r

Basecase Then G is cyclic hence abelian By Corollary 1532.2 Gisnilpoten
InductiveStep Let A Z G By Throum 514.2 Z G see

If Z G G then G is nilpotent because it is abelian
Otherwise SelfZIG EG Then Gf is a p group of order pl with12
By 11H GA is nilpotent Since A ZIG Theorem implies G is nilpotent


