
 
Lecture XXXIII Nilpotent Groups I

Recall Properties of solvable and nilpotentgroups
117 Nilpotent Solvable Not inversely

12 Abelian Nilpotent

IGI p nai pprime Nilpotent

131 Sub quotient groups of a solvable respectively nilpotent group are

solvable respectively nilpotent

14 NAC Gn solvable 6 solvable

s A Z GI GA nilpotent G wilpetent

TODAY's GOAL Characterize finite Nilpotent groups

MainTheorem Any finite nilpotent group G is a direct product of p group
the primes can vary These p groups are Sylow p subgroups ofG

33.1 A useful lemma

Lemma LetG be a group and K G subgroup If G K EK then KAG
Proof

gEG ktk gkg.tk E Gik K gkg.tk Ek
Thus gkg Ek so 8kg EK geG This implies KAG

Definition Let Gbe a group and HEG asubgroup The normalizer of H in G

is Ng H 38EG SHS HE

Remark No IHI is a subgroup of G H No H

UsefulLemma Let G be a nilpotentgroup and H G a proper subgroupThen

we have H No H

Proof As G is wilpetent we have a composition series

Ʃ G K Q K D Ka D 7km see

such that Gike Eket for 1 94 n t I ample Ʃ lowercentralseries



Bythe Lemma Gike Eket Ike Ke G

LetGe be the subgroup of G generatedbyH Ke By Lena 522.1
Ge Hike ke.tt

Claim Get Ge for all 1 0 m I

Assume the claim is true This gives

Go G G 0 Gab 7Gm H

Since H GG k e 30 m it with Ga Get Gm H
Than H Gk implies Gk No H Hence Hf Ng H as

we
wanted

The claim in theproof of the Useful Lemma is ageneral fact that we nowprose

Proposition Let G be a group N N two normal subgroups ofG with G N EN

Let H G be a subgroup Then NzH is normal in N H

Proof Since N FG fr i 1,2 Lemma 522.1 implies Nitt G is a subgroup

We need to show a EN H bENzH aba Natl
It suffices to treat 2cases namely when aEN when a EH

CASEI GEH N H

If benax with naena EH then aba anaxa

Egg
CASEZ GE N N H

If bench then 5 a b aba G N Nz aba
bngf.fi

In both cases wehave aba Natl so Nett 1 N H because N H isgeneratedbyÑY H
33.2 Self normalizing lemmahis Sylow subgroups

emma Let Gbe a finitegroup p aprimu dividing 1Gt Let PE Sylp G

Let LEG be a subgroup If No IP LEG then No L L



Proof We have P Ng P L by assumption In particular PESylpIL
since maximalpower of p dividing ILI is IP because PEL

Let genoll Then PEL gPg egls L so P gPj e Sylph
In particular by SylmThem127 LEL with P llgpg tll.tt lg Pllg7
This means 1g ENG IP EL so get't
We include Noll EL Since L Noll we get equality

s33.3MainTheorem

Theorem Let G be a finite group The following conditions are equivalent
111 G is nilpotent
127 Every Sylow p subgroup is normal

13 G is isomorphil to a direct product of p groups

Proof 111 127 We assume G is nilpotent fix PESylp G fspprime
with p I G1 Let H Ng P We have two possibility

If H G then PA G and weaudine

If HEG then

Ii H E Ng H byUsefulLemma833.1

Iii PENp G EH G No H H by Lemma 33.2
Contradiction

127 13 It G p pt write sylp.la 3Pilfsi t kIPigG
Then P x x Pk G is a group isomorphism

X1 Xel 1 Xp Xk
Indeed PitG PTTG Pinpj let if it for size masons

Lemme 519.1 ab ba aEPi bEPj with it j Pi P commute

Thus_41 17y fix.gl Pj 4 is surjective forsizereasons is

3 11 Assume G P Pax Pe where Pj p forsome primes

P pe tall distinct and hi he



Recall that p groups are nilpotent so we know all 3 s an nilpotent 9

Thus to prove the statement wemust showthat direct product of nilpotentgroup

is nilpotent It's enough to prove it fsl z The generalcase followsfrom this one
combinedwith an easy induction Wedo this case in a separate Proposition

Proposition Let G aGc be nilpotent groups Then G Gc is also nilpotent

Proof SinceG Gz an nilpotent we can find 2 composition series

I G to 9 H I I Hg set with G He Ettet te 0,1 gs

I Ga ko D K D I kt see with G ke Ket fl o n t

Take Ʃ G Gz to D G xk D G xka 7 D G Kt G H P He 9 7Hg le

He he Ets
ie Le G Ke I G Gz Vl a n t since ke 162 by Lemme 533.1

j Hy
x lead G Ga j o gs

Claim G Ga Le C Let 1 0 stts 1

PM If oslet i then G xGz Gixke G Gz Ke EG kett let
Itosjes GxGz let G Hj sees Hjt beat Left

Conclusion by Theorem 532.3 G G is nilpotent


