
 
Lecture XXXIV Symmetric and AlternatingGroups

534 1TheSymmetricgroup Sn

Recall Sn has the following generating sets

3 i in taken cycles

3 rig ij icicjens transpositions

3 si iits leich simple transpositions

In 3.2 weshowed and gave a pictorial proofof
Algebrail argument for It's enough to show each Jig canbewritten as a

productofsimple transpositions Indeed

11 n n i n 1 n t th en by directamputation
th t n n z n t 1 h z h z n t u i n

An_ 1h z h z 121 1213 Sn 1

Similarly ij j 1 j 2 j 17 j i j
Sj Sj 2 sit si Sitt 15 2Sj 1

Corollary Sn canbe generated byany of the followingsets
111 112 113 in

14 3 1127 123 n i n

3 121 1123 n

Jroof Exercise

Q Whatare the relations among si's

s.ttm'if3iitisnsjjtie f write i 51 1
disjoint cycles commute

sisititi sitesis it because sisit si ti ite Sit si sit

is ITheorem Sn s is t
sisitis _sitisisit i t in 2



We provide a proof at the end of these notes see 34.4 2

34.2 Thesign of a permutation
We consider a function of n variables f 2 2 so we can evaluate fix x

We define the function I Sn Autat 8 21 24

kit f Tasty_tarry string
where I x1 Xn

Note 34 2 2 is a group under inducedby pointwise evaluation Wealsohave
a pointwise multiplication on this set

Indeed If tst fix Six EZ Dix constantzero function inverseof f f

Lemma 1 It is a group hummorphism ie I 506 1101015181

In particular Ilid id on functions Sn P 38 2 2

Proof I Job f f
room i room that xenia exam l

Tirt If
am exam 10 Tlb f x D

E f Xs T.IT 61161 robin that em That 1716 kill No 1118 ft

Lemma2 11The action respects the on 5 21 24 T.lt g Taft T.ge
r fg T f Tog

121 If CE 2 constant T.tt T f

Proof T f g ftstlxaylx.az 1 time I

fixon stop i exam I 9may on trial
Tof G six I Tof 0 8 Ix

Same idea works for

5 feet kt xp xp
s t

xp in stain
c t.tl 1

Proposition Letns 2Then unique surjective group homomorphism E S 3115 222
such that every transposition 6 has E 6 1

Proof We consider the function Δ 1 1 Xn jsY I



Take 6 s with rcs 3

Q What is G Δ

16.91121 4 6 j 461 we separate the factors involving r s
or neither

if list 131,541 0 Hey Xenil Xj xi
if list A31,541 2 i r j s because icj res

1 6,7 big 1 5 Xr Xp Xs I signchange

if list A3 is 1 we have options theycome in pains

i rajes Haig taci j Xs s_ j Lots
r.cicjeslxoip xoi.in lxr xil txi xr safety

i rascjlxayp xo.li j Xs
ic rajes x2 y to i Xr Xi
is jeres Xang app Its a

f rsi s j 1 6 g app lxj Xr easy

Putting these signs together we get 1 1
15 r 1 s r s

E Δ Ix Dixy
Wedefine E 18 be the sign such that G Δ Eloy Δ foreach

permutation T In particular E 6 1 6 transposition

Since I Job 1510 716 T D 5 Δ HOES

we conclude that E is a group homomorphism Note Elizl I Elid

Since Su is generated by transpositions Elijy I i j we

include that E is uniquely determined from this audition if it is a group

homomorphism

Remark If 5 6,0 08m is a product of transpositions then Elr 4

Definition We say Otsu is esen if 107 1 and odd if Elsie



Corollary Elli iml 1 11m t
m

Proof Ii im ti ist Timaim time im is a product of m t

many transpositions

34.3 The Alternatinggroup

Definition The alternating group An Ker E ie theset of even permutations

Corollary An is a normal subgroup of Su of index 2 thus An

Examples111Az idk 1 52
As 1123 153 As 21,2 I no transposition lies inAz

but evenproduct of transpositions do 1123 1121 23 12372 1127123 12 231

31 Ay consists of id all 3 cycles 9 2 8 options

1127134 x

1 2
Productof disjointtransposition

13options

TOTAL 12 elements

Remark Se x y Z 1 Ay

Lemma 117 For ns 3 An is generated by 3 cycles
121 For v35 all 3 cycles in An are anjugate toeachother in An

Proof 111 lab c lab bc very 3 cycle lies in An
Gurusely if TE An then T a product of an even number of transpositions

A product of a transpositions comes in 3 flavors
lac lac e

lac ab abc if c b

ab cd labc bcd it Isa b c d 1 4 onlyvalid if 434

Thus any TEA n is a product of 3 cycles for n 3

4 Fix n s We show any 2 3 cycles are conjugate in An by explicit computation



Assume a b c laz b ca are two 3 cycles Choose Of Sn such that

019 1 92 8 bit be 8 c z Then 8 a b c 8 lazbz.cz

If 101 1 then VE An and there is nothing to prove
It E 01 1 choose x y 392,52 cal with 5 1 nothing19

Then T 1 978 satisfies 07 1 so TEAn

J a b c o t lxy Y la b c 8 xy
t

xy azbacal xy
a b ca Xy lazbacz

disjointcyclescommute

hound An is simple u s

Proof Assume K is a nontrivial subgroup ofAn with K 1 An Wewillshow K A

We considerthe set X 31,2 n Then K P X byrestricting theaction Sn X
Choose TE K se forwhich I is largest among all elements of K 394

EX six x

Claim T is a 3 cycle

Assuming the claim Lemma 2 ambined with the fact that K1 An shows that

all 3 cycles are in K In turn Lemma11 then implies An s cycles EK An

so K An

Proofof the Claim We write as a productof disjoint cycles Weconsider 2 cases

First assume T artains acycleof length m 3 ie 5 19,9293 1
jan guyIf T 19192,93 weare done

Otherwise we aim that as as 591,92as with an as and2191 92
I If T is an m cycle byCorollary 39.2 m 75 so 9g 5193 95 0194 will do
If T is a product of 2 or more in trivialcycles then any othercycle 9495 that

is part of will do

Let 6 1939495 and ansider T
EE Ei Ek Iksan

Note T te because 65 56 since 6 5 lazy 61931 ay
5 6 1927 5192 3

claim XT with as X contradicting themaximality of1 51



Pf TX X 391 92,93 an as so Gix x byconstruction

Then 606 O x 608 x 651 1 61 7 x ie Ext

Az Xt since Glazl 93 92

a EXT since 606 T lazy 686 la 6519 6192 92

In the remaining case all cycles in 5 base length z so T is a product of disjoin

transpositions evenly many ofthem since TEK An

Write 5 lab d

Liningtranspositions
Choose K 39 b c d such k exists because u 5

let 6 1 dk and consider T
EE Ei Ek Iksan

Note T te because 65 56 since 60 c 6 dl k
56 c old

Claim XT 3k X with a b XT againcontradicting themaximality

Pff Pick x.tk with EXT ie Taxi x In particular x sa b c a
Then 658 J 1 1 658 1 1 651 1 61 7 x so EXT

c d44

a b X since Tia b Tlbl a

a because 606 o a 656 b 6 T b 6 a a

be 606 g b 606 1197 6019 6 b L

39,55 41 01344 gives 1 0 t 2 1 0 3641 2 1 9 1

Corollary2 If nas then Sn is not solvable
1

Proof By construction Sn Sn An since 560 6 tribesh
Furthermore Sn Sn 1 Su so Sn Sn 1 An
Now Sn Sn see because Sn is not abelian Thus Sn Sn An because

An is simple for n 5

Again An An see because A is notabelian Y
An An An An An An

Conclusion G o Sn G G Anthe so Suis notsolvable if us 5



34.4 A presentation forS loptimal

tn.su msn.li ii i i i et n

Proof Define t s Jun 1 rite rig ago if light
Titititi Titi riot

hen byconstruction we have a surjective group homomorphism In Gn Sn
ril si ti

Since In is surjective 1Jul Sul n

Note We do not even know yet if is even a finite group

To prove it is an iso it is enough to confirm that I9 I n

Indeed Ign S co In G Sn surjective In is alsoinjectise

We prose by induction on n that 19 I n u z

Basecase n z E C T 1TP e 2
22

has size 2 2

InductiveStep We assume1Get k k r yn and show gut left
Since 451 On_ Gnt satisfy the relations definingGu wehave

a group hummorphism in Gu Gut
Note We don'tknow yet if in is injective or not

set Gn In in Gut More precisely Gn subgroup ofGut
generatedby 5 On

As Gype in Gn by the First Ismorphism Thrown and Gn is finite

we know that IGnl 19nlype.in 1gal n

bythe InductiveHypotheses
Note Antioin In since G the Sn

O A
the
gun bSntl



Claim gut Gn Guts
an ntt This would imply

IGutil 1Gt Gut Gn mty n Int as we wanted

Proof of the Claim we identify nty left asets from Gutt Gn
Hut eGn Gut

an
1 Hn OnGu Han On in Ga

H 9 Tn Gn Hk That TnGn for all k h n

Claim1 He insuse image under Int of the subset wESn Until
In fact holds

PF we check each He separately 1k ntl k 1 n

fHat α tnt x terrifies entry nth since Int in_tin
Xette Te Tng for some geGn so g in W

WEGnÉiiiix Intake on intal Intake ou

EfflyIn w fixes NH Int he On inti e Sn
s sn is Inti L

Claim2 Hi Ha are all distinct

Pf If f Hentle with Ktl then

Int Ix weSnt wanted 03wesut w ath k

Contradiction

Claim3 Gutian 4th Hnt Iso Gut
g tenth

as we wanted

Pf we will show twegnt and talent withe Hi Until
It is enough to check it for the generators ofGut ie when we Tr for kit n

This will beenough to check 3H Hut Gutian by Lemma below

Concretely what is TrHe
If l nth Tretta orGn guy fit

it like
if Kent



If lthti Trette TreteTett Tnt Gn
We treat several cases by comparing K and l

CASEI Kal 1 then The Ti Tire tied bythe relations inGn
so thethe Ture Tett TnGn returet TnGn Te OnTrain

reset me He

CASEZ K l 1 then Te He He by definition of the 1

CASES K L then Te He Tere Tet OnGn Hett
Ind by relations inGnt

CASEG K lt1 then the crumiteswith Te Tr 2

So Trette Tk re Thezone 1On Tati Tn Gn

TeruTeti Ok2ThnovTht OnGn

retett Turerghouti
onGn

On turn_ by relations in Gnt
Now Tx 1 commutes with Tht Tutz On to

Tette Te ret Ta 2Th nov T.ir TGn
re n

Eaite
Lemma Given G group HE G subgroup fix
It gX X gEG then G
Proof Pickany at EX Then

any y EG canbe expressedas.lygttaptt
soyH glattlEgX X



34.5Application

The given presentationofSn allows us to define the sign function m

permutations in a different what than we did in 34.2

Definition sign Sn 311 sign ij 1 determines

a unique group homomorphism called the sign function

given a permutation we Sn we will write it as a product of

Transpositions w 6i fir Then sign w 1 1

By construction this assignment is multiplicative

Issue Why is sign wt well defined

Q How do we know that for different expressions of w the parityof the

number of transpositions we used hasn't changed

A Use the presentation of Sn
sign si I i

Relations say sign s 1 1 I

sign Isis I sign sysi if li j t

sign si sitisi 1 1
3

sign Sitisisiti
so sign Sn 3111 is well defined

In particular if we si site for it in j je 31 n it
1j 1je

then K l mod12 ie the parity whenusing simple transpositions
won't change

In particular lift Sj Sj 2 sit si Sitt 15 2 Sj 1

uses j i it 2 1 simpletranspositions This is an even number

so sign ij 1 as we wanted


