
 
Lecture XXXV Basics on RingTheory

NEXTGOAL Study a new algebraicconstruction rings whichare obtained fromabeliangroups

35 Basic definitions

Definition A ring R is a 1mmempty set together withtwobinary operations

R x R R I called addition and multiplication respectively

and two distinct elements 0,1 ER such that

I R 0 is an abelian group That is

111 a b c at btc a b CER Associativity of

wit e a ato O aER o is Neutral Element for

civil HaER then exists an element beR such that at b o bta Additive

liv atb bta a bER Abeliangroup

II Multiplication is also an associative operation and I R is neutral for multiplication
i ab c a b c a b c ER Associativity of

Iii t a a a fat R I is Neutral Element for

We doNOT impose existence of multiplicative inverse a

commutativity to multiplication lab b a

III Multiplication distributes over addition

a btc a b a c a b CER

btc a b at c a

35.2 Examples of Rings
R I set of real numbers with usual additionand multiplication I as usual

R 2 same operations as restricted to 2

R 2
2

n z It addition and multiplication modulo n

R Maxz 14 setof 2 2 matriceswithentries from

1 I l a 1

1 l i iii iii l t



R Z x polynomial ring in one variable with coefficients from 2

A typical element fe R has the form got a a x anx forsome N 0

If an to we call N the degreeof the polynomial f
Convention dig o a

Addition of polynomials is done component wise eg
1 2 3 9 2 7 37 10 3 2 7 3 3 7 10

Multiplication of polynomials is carried outusingdistribution with the convention
t

E g 11 3 1 1 5 2 3 1 1 5 27 3 3 1 5 27 3

1 5 27 3 3 15 3 3 4

1 3 5 16 3 3 4

In symbols a ta xt anx both t t bnx

hobo 190b a bo x a bat a b tazbat
I a beta be t n t debo

l
t n t anbn

Ntm

Était Etsi Ei aid

Z i 2 Fi atbi 9 5 29

Multiplication latbi tdil lac bd ad bali
Addition latbi let di late lb d i

We obtain this ring as a quotient of Z X ie wehavethe same structureas thatof21
and an additional rule saying x 1

Someremarks onthese examples

are quitegeneral ways of building new rings fromoldones

R ring ns 23 my denn IR is another ring
R ring ms REX polynomialring in onevariablewith

coefficients fromR

E.g R 21 3 my 21 x x Xn polynomialring in n variables withcoefficien
from 2

fields are special kind of rings
isammutative every at R 304 has a multiplicative inverse



quotientrings we'll introducethem later

35.3 Some elementaryfacts and terminology

Lemma Let R be a ring Fr any a ER we have a 0 0 a 0

Proof a 0 a 10 0 a 0 a 0 0 0 0 a 0 9 0 a o

Istributive

Similarly O a 10 to a o a to a 0 0 ato a o a o a

Definition An element aER is said to be invertible multiplicatively
if we have beR such that a b I b a

Set R set of all invertible elements of R
AER bER with a b b a IR

Then R is again a group not necessarily abelian undermultiplication
borrowed from R easyexercise

Examples it RX IR 1304 every non zero element has an inverse

ill 2 3114
iii 2

2
3 30,4 n 14 gad n

livi Max A1 Ghz C

35.4 Another example

Let H be an abelian group
R set of all group homomorphisms H H

Addition If that thy fith to th fi GER heH

Multiplication impisttimme
function 914 on the H

f fat in f fath
Nitation

R Ends 1H endomorphisms of H

Ends HI Ants 1H automorphisms of H



35.6 Moreterminology

Fix R a ring
Definition R is commutative if a b b a a b ER

An element at R is said to be a zew divisor if we can find a non zero

element be R1104 such that b a 0

Example If 2
62 is a zero divisor because 540 3.2 0

A commutative ring R is said to be an integral domain if OER is the

only zero divisor

Meaning in an integral domain R a b o and a 10 3 0

Example 2 Z Q R integraldomains

2
2

is not an integral domain if n is not prime

Lemma If R is a commutativering and a ER then a is not a zew divisor

Proof As a e R we have bER such that ab Ip
Now it a is a zero divisor wemusthave some g ER y o with a y o

But then bag b 0 0

y o contradiction
aby 1 y y

A field is a commutative ring R where R R 304

Corollary Every field is an integral domain

35.7Strange situations in non commutative setting an example

Let H be the followingabeliangroup
H 3 191 az __ an where a ar EZ

It is a groupwith componentwise addition

We consider R EndgpH set of all group homomorphisms H H

fit fat thy fi th th th or h 10,0 hFH

If fat thy f falls IR tht h then



Take 4 H H a az 1 10 9,92 Injective butnot
surjective

If we take I H H 91,92 1 192,93 then

we have V04 Ip so 4 has a left inverse

If we have IT H H ayaz 191 0,9 then

we have 15,04 Or but I OR so 4 has a left zero divisor

Thus when dealing with absolute generality wemustbe careful

Wehave an element that is left invertible but has a left zero divisor

We will not dwell into this for our course and hence that the notion of

Zho divisor in particular for commutative ringsmly


