
 
Lecture XXXVI Ring Homomorphisms Ideals

Recall I R t 0,1 is a ring it

III IR t 01 is an abelian group

II RxR R is an associative binary operationwith 1p Neutralelement
III Distributivity a bts a bta c a b cer

lbtc a brats a a b ER

Definition A subring A of R is a subset AER containing or r 1 081
of A such that atb A a EA

a beA
a b EA

Definition A field is a commutative ringR where R 3 at R be R a b R

equals R 304

36.1 Ring homomorphisms
Let R and S betwo rings
Definition A ring homomorphism 6 R S is a function of sets whichpreserves

thering structure on R and S
Moreprecisely flop 0s flip Is NeutralElements of R Susp

f atab fla t f b

192b flag fig
ta ber

As with group humurphisms wehave theusualnotions of Kernel and Image
Ker f a R flat Os ER 1kernel of f

In f 3 se S afR sit Gia s IS Image of f

Note In f is a subring of S

ker I f is not a subring of R because IR Ker 14 fair s 0s
Ker Ifl will be a different algebrail substructure namely a twosided ideal

Definition A ring isomorphism is a ringhummorphism h R S with
an inverse that is also a ring homomorphism

Lemma L R S ring iso fis a ringhomomorphism a bijection



536.2 Ideals

Let R be a ring and I R

Definition Wesay I is a lift ideal of R if I satistics
Ii I is an abelian subgroup of IR O

Iiil ER eI r EI

I is a right ideal of R if I satisfies lis and

Iii ER XEI X EI

I is a two sidedideal of R it I is both a left and a right ideal

Remark For a commutative ring R allthese notions are the same so we justsay
I E R is an ideal lie I is a subgroup of R to IEEE r E I

Examples I OR I R are two sided ideals of any ringR
We call R the unit ideal

emma Let h R S be a ring homomorphism Then Ker f is atwo sided ideal

Proof Ker f is clearly a subgroup of 1 R 10 because a ringwww.cphism
is a group homomorphism

Now if reR xeker If we have

f r x fir fix tiry og og by Lemma535.3 r Ekert
fix it fix far Os fin os 1 I x rekert

Thees Ker If is a two sided ideal
36.3 Examples

R K a field
Let I K be an ideal Either I 204 or there is some to EI In the

latter case I because I is an ideal Thus I EI

If xek then I

Hence set of ideals of a field 3304 K
Same argument proves



aug
3Troposition R ring IER ideal If RMI then I R undue

R 2 commutative ring
Proposition2 Set of ideals of 2 31 nZ ne 230
Proof Let I 2 be an ideal Assume I 01 Let

k smallestpositive element of I In23,0 0 because xeIn2 In 2

claim I KZ

PH.KZ CI as I 2

Conversely if I I then l gktr for k re21 oersk 1 Bytheminimality
of k we have r l gk EI r o Thus le k2 Hence ICKE

o r k i

Proposition3 Operations on 21 important for numberTheory can betranslated to ideals

In In Setof Ideals ofZ
n c In

117 degedmm a Id In In
smallestidealcontainingboth

2 l limlym c Ie In MIn
largest'idealcontainedinboth

In and In

13 n divides m Im In
Im is divisiblebyn

Proof 131 Im In means mZ nZ ie men 2 which is the same as saying
m nf for some ge 2 i.e m is divisible by n

121 Imn In 2x x is divisible by both m en

ie x em in m q for some gt 2

ie E lZ Ie l lamin m

i Let I be an ideal containing In and Im So m n FI and hence

am bn EI a be 2 gadim n EI Id I

EuclideanAlgorithm d gcd m n


