
 
LectureXXXVII More in Ideals Quotient Rings

ecall A Lidia I of a ringR is an abelian subgroup I R t d s.t.R.IE
where R I r I reR EI

In rightical we need I R 3 Xr I ER I I A 2 sidedideal is both
Ttt aright ideal

37 1 Some terminology on ideals

we borrow some terminology from the dictionary providedin Proposition3536.3

Definition Fix R a commutative
ring given to ideals I J of R we define

It J atb at I be J

Lemma Given 2 ideals I J of a ring R the set I J is an ideal of R
Furthermore it is the smallest ideal containing both I J
Proof I J is a subgroup of R t it contains both I I via

a a to atI EJ b otb off bEJ

For rer x atb eItJ i x r.la b
If

It

So I J is an ideal Distributi II ideal is ideal

Any K R ideal antaing I J mustcontain It because k is closed

under addition it is a subgroup of IR 0

37.2 QuotientRings
Let R be a ring and I R be a proper two sided ideal Consider thegroup

quotient T.IR
I

give it the structure of a ring as follows

R 0 is an abelian group a 5 at where I 9T
I 5 att
o 0 I

Multiplication a I _at 1 T

Note We write a 5 m as a b mod I to highlight the ideal I

Lemma IR TR TR is a ring
Brook 117Needto check multiplication is well defined we know tz is well

defined fromTheorem 6.3



a I a CEI c ath forsome FFI

5 I b dEI debts get
Then ab cd ab atf btg ab ab ag fb fg
so ab cdeI ie at_I Ee

Multiplication in R is well defined precisely because I is a two sided
ideal It will not be well defined for one sided ideals left or right

4 Next we check the properties
R It is an abelian group group quotient

Multiplication is associative because multiplication mR is

E T at a Ta T a so T is neutralelement

Tr or because I I I Iisa profer ideal of R

Distribution Property on R is inherited from R

Remark The quotient ring ames equipped with a natural ring homomorphism
I R I

a I a a mod I

First Isomorphism Thrown forrings

Let f R S be a ring homomorphism Then

111 I Ker t E R is a two sided proper ideal

12 f factors through IT R S t Fott

T
E E

Furthermore F I Im f is an isomorphism of rings

Proof 117 I is a z sided ideal by Lemma 536.2 It is profer because flip 1stg
F II S is defined as f a t.la



It is well defined since a 5 a SEI tgef.am
gso 1b flats flat fig has o flag

It follows fromthedefinition of R1 that I is a ring knumorphism and
f 50th

Now F is injective because

Kerli a mod I flag o ie a o mod I
Im 15 Im f by construction

Hence restricting thetargetspace of F to Imlf Im f as we get an

isomorphism Rhe pay
Imf by Lemmer 536.1

37.3 Some operations on left ideals

Intersections

We can take intersections of any set of ideals
Let I R be a left ideal when lies in a labeling set A

I If I aER lae Is KLEA

Lemma1 I is a left ideal

Proof I is clearlya subgroup intersections of subgroups are subgroups
Now reR xeI we have r EI αeA because xEIα and
I is a left ideal Thus r x I as we wanted

Sum of left ideals

Again assume I R is a left ideal αEA
I If I smallest left ideal ofR containing all I s

I justnotation fornow

Lemma2 I 92 tax t an
a

So I consists of all finite sums we can form usingelements of IL's



Proof If A is finite sayA 311 int then any ideal I antaining I In ER
mustcontaintheset I t In a t an a E Ii act Is anE In
But this set itself is a left ideal r last tan

Eep
t
Een

f I t In
Hence thestatement is true if A is finite
The general case follows bythe same argument any element of I involvesfinitelymany
indices so I is a left ideal byconstruction Any ideal J antaining I V2 will

contain Is Is for eachn Theis I J So I is thesmallest left
dual containing all Is KEA

Left ideals generated bysubsets

Let R be a ring and R be a subset Let

Ix smallest left ideal antainingtheset

Wecall it the left ideal generated by X write it as RCX

More precisely

Lemma3 Ix M I

ee
Proof IRHSI is a left ideal by Lemmal it contains X

Any I left ideal with I contains th RHS Thus equalityholds

Followingthe operation of sun weget
Lemma4 Ix Ex Rix ie Ix consists of all timite sums

anxit taxon I Ex
Proof EIR x is the smallest left ideal containing R x xeX because

R x left ideal of R generated by That is Rx the smallest left ideal
containing

Reason Ix Rx ideal genbyx Rx Ix
This istrue tx so EEL Rx Ix



5Since Rx is a left ideal weget Ix ExRx
Notational Convenience If X 3 1 Xn finite subset of R we just write
RX x Xn for the left ideal generated by X

Definition Let R be a commutative ring and I R be an ideal We say I
is a principal ideal if I ta for some aEI

Example Set of ideals of 2 3 n 2 4 0,1 2 byProposition2 536.3
in

Corollary Every ideal of Z is principal


