
 
Lecture XXXIX Propertiesofideals Examples

29.1 Some more generalproperties of an ideal

Let R Rz be two rings Let f R Re be a ring homomorphism
Lemmal If I R is a left right two sided ideal then so is

I f II ha ER ha EI R

Proof I is an additive subgroup of R because his a group homomorphism

Op EI because flop Or f Iz
a be I flat fib e Iz flat b flag 1b f Iz so at beI

Now assume Is is a left ideal

if XE I and reR then fir x ly Eff
E Iz r I

Thus I is also a left ideal

Similarly assume Is is a right ideal
If EI and rer then f x r fee ftp.etz

x re Is
Thus I is also a right ideal

Combining these 2 cases we get the statement for two sided ideals

1 Image of an ideal need not be an ideal

Example f 2 Q 22 Z is an ideal
I

But 32,1 ne 24 Q is not an ideal it's only an additive subgroup

Reason Onlyideals of Q a field are 304 Q

emma2 It R R is a surjective ring homomorphism then if I ER is

a left right two sided ideal then so is h I Ra

Proof Write Iz FII Rz
As image of a subgroup is a subgroup we know that Is is an additive subgroup

Fix EI see Ra Since his surjective it I r ER with
type



Assume I is a left ideal then r I because thrix fire tix rake Iz

Similarly if I is a right ideal then r EI because fix r fix fins are I

Fromthese twocases the statement for 2 sided ideals holds

Similarly to the case of groups we have the following statement
Second IsomorphismTheorem

Let f R Re be a surjective ringhomomorphism and let J Ker f ER it is a

proper 2 sided ideal We have a bijection

Left right 2 sided t
ideals of Rzideals of R containing J
eft right 2 sided

81
f II atR flat 1 Iz

Moreover this bijection preserves our usual operations on ideals For instance if

Iz ER is a 2 sided ideal I f Iz R is a 2 sided ideal

and RYI 1
2

Proof The correspondence holds by Lemma 2 538.4
I s tot is a surjective ringhomomorphism

Ker g aer I fla e Iz I CR
Then by the 1ˢᵗ Iso Theorem we have RYI RTI

a mod Il ta mod Iz

39.2 Examples of rings ideals and their interpretation
R K x polynomial ring in 1 variable with coefficients from a field K say Rr Q



Definition A polynomial f EK x is monic if the leadingcoefficient of g x is
ie six 1 x lowerorderterms

Proposition The Euclidean Algorithm works in Kfx Meaning given six o and fix
wehave tix fix six trix where fix fix ek x and

dignitydiggg

Proof Without loss of generality we assume fix is monis ie six tag x I 9

Otherwise six ridingweff fix with 5 is monic fix Ffg it t55 5
We proceed by complete induction on degree of fix
BaseCase dig f 0

If kg g 0 f Igg ix o 9 tge k
If dig1g so then set fix 0 rix fix

inductive step Assume the statement is time for all f of degree n Pick hix ofdegreen
I treat 2cases depending on the order relation withrespect to dig f

If of deg f deg18 then set fix 0 rex fixs
If deg t deg g let b leading coefficient of f be K

ie fix bx bus bo

Replace f by Fix fix bx d
gix

Then either I_0 or dig I deg f

It 5 0 then bx rix o

If I o by inductive hypothesis applied to F we can find I x rix

with F 1,8 rix with fix to a deg ir dgFc degh

tix six trix

Corollary Everyideal of KTX is principal
Proof Let IE Kpx be an ideal If I 107 then I is principal

On the contrary if I 401 choose fix I 304 of smallestdegree

Claim I 18



Pf 121 is time byconstruction For the other inclusion we use theEuclidean

Algorithm If fix EI wewrite fix fix fix trix with fix fix Ekin
and either rix or dig edgg Now Fix tix fix six I so dg r digg
ythe minimality ofdegg Thus r o so telg This shows 1

As a consequence we get a one to one cruspondence

Set of ideals of Kx Six when six EK is monic

Over K by the fundamental theorem of algebra
six Efx mis of degree d six 1

z
R Z i at bi a be 2

Name R Gaussian Integers

Addition componentwise a tb it laztbai 19 taz lb be i

Multiplication a bi letdi ac bdl ladtbe
Using Distribution it 1

R Zfi consists of complex numbers ze I sit RealPart 7 EZ
ImaginaryPart171 EX

weget Norm Eli 230
Z at bi a tb 121

11 RX II

Proof 2 It II III Ii

E ZER z w for some WER

Norm Zw Norm111 1

But Nrm Zw Nem17 Nrm w Nemiz E Z

Conclude Z It Ii only elements in R of wormone

121The Euclidean Algorithm works

Let zeR 304 and weR Then
I stit Ed



Up to shifts by integers we can make sure 2 s t ii e a b EZ

st s a t b

Nrm latbi E E

So w latbi z t r when RER has won 12 c 121

Proposition 2 Given WER EE R 304 we can find q r ER s.t

w f Z r and Nemir r 1212 Nrm Z

Corollary2 Every ideal in Z i is principal

Proof A generator of a non zew ideal I 2 i is any ZEI 401 of minimal
norm


