
 
Lecture XL Characteristic of aring Prime andMaximalIdeals

40 1 Summary of results so far

Assume R is a commutative ring
I R is an ideal if it is a subgroup such that R I I

ER is a zew divisor if ye R 201 sit x y o

a E R is a unit or a is invertible if be R s t ab

R set of units in R 1group under multiplication

Definition Wesay R is an integral domain if XE R is a zew divisor x o

Wesay R is a principal ideal ring if everyideal of R is principal ie ofthe
form a bra re RE Ra for some a ER

Combining both properties we get principal ideal domain P I D forshort integral
domain that is also a principalideal ring

Examples Z K any field

K polynomials in on variable with coefficients turn a field K

Z I 29517
These were discussed in Lecture 38

Z K x y are integral domains but not PID's

Lemma Every field is an integral domain

Proof R is a field if it is commutative and R RYO

Since R n ZewDivisors R weconclude that R is an integraldomain

5402 The Characteristic of a ring
Let R be a commutative ring mall or Ir We automatically get a ringhomonwephi
2 R Note 0101 05 RfLma

1 if

nzon.IEIeeme
Let I Ker d 2 Since 2 is a PID then I Ip forsome pe2,0



2
Furthermore I 2 since 01 p IR IR Or Thus p o or p 2

Definition We call p the characteristic of R

We are not assuming p is prime if p o

By First Isomorphism Theorem R is an injective ringhomomorphism

Lemma If R is an integral domain then p o or p is a primenumber

Proof We argueby contradiction and assume p to is composite Pick a 1 bt with pea

5,5 Z
p 1104

with at 5 0 In particular since x ̅ is injective we
a Or and 015 for

Since a 0 15 Or we conclude that R is not an integraldomain Contradiction

Remark char p if p is prime 14pz is a field hence an integraldomain

540.3 Prime ideals andMaximal ideals

Let R be a commutative ring Let I R be a proper idealandconsiderthe quotientringR I
Definition We say that I is a prime respectively maximal ideal if I RII
is an integral domain 1 respectively a field

Proposition I et I E R be a proferideal of R commutative

11 I is prime it andonly if I is a proper ideal and ab EI aEIorbEI

12 I is a maximal ideal it andonly if I is a proper ideal and I is

maximal with respect to inclusion among profer ideals i e

J C R an ideal I J J I or J R
3 Any maximal ideal is prime

Proof 13 is clear if I is a field then R is an integraldomain

11 Assume I is profer

I is prime FI is an integral domain
a lmed I b mod I 0 a o mod I or b o mod I

abEI AEI or be I



12 Assume I is profer

I is maximal RI is a field

EinenOnly
ideals of RI are 305 R I

Since ideals of RII correspond to ideals of R containing I Theorem2 538

we conclude I is maximal Set of ideals of R containing I is I R

Lemma A commutative ring K is a field if andonly if Ideals of K 3503 K

Proof Recall that a commutative ring K is a field K K 304 lie

everynon zeroelement is invertible

1 If I 304 is an ideal of K then a EI 301 In this case

we get I K a at a 1 so I s k t k giring I K

let aek 404 and set I 1a ideal generated by a
since ato we have I D so by assumption weconclude I K

In particular I I Kla so bEK with I ba Then aek

Conclude Kilos K Since K K Bo by construction equalityholds

590.4 Some examples

Proferideals in 21 104 or n 2 ME2521
Prime ideals on 2 304 is p2 p 2,2 prime I

onlyprimed
maximal ideals in 2

non maximal ideal

Profer ideals in 105 a six fix Effx of degree g d

g mmic ie g xdtq.FI taprimeideal

Lemma 107ER is a prime ideal R is an integraldomain R R
go

Over C every polynomial factors six 1 not sailydistin



Lemma2 Let fix E x be monic of degree d

Then Igax x is prime degree of fix six is m

Proof Assume six x z x Zr

I six x then do 1 Recall g is the element of I to

of smallest degree in I By Prop539.3 we have

If I is prime 1 2 lx za Ix Zal I x Z EI or

j
x Zj E I

Since deg x 21 I deg f k t d t and d is smallest

weconclude d 1 Thus fix x Z for some Zf

We andade 1 9
2

is a ring homomorphism

Fix 17

This map is induced from the socalled evaluationmap

eva x I fix fix this map is surjective
ae fix evyla a

Claim Kerleva x x

Jf er x x 2 2 0 so 1 21 Kerley
Pick 4 Kerley then usingtheEuclideanAlgorithm we haveunique fix ax Ef

fix fix 1 2 trix with r o a deg r deg 21 1

In bothcases rix EG 15 0 as deg1 1 0

Then eve fix eva fix 1 2 trix

eva fix era x an evair r o

evalfix o t r r so 4 1 2

Bythe 1ˢᵗ IsoTheorem Ty is amiss so 1 7 is maximal by Prop 39.3

Conclusion Prime ideals of Cfx 3 0 U 31 2 zed

Laximal ideals of x


