
 LectureXL1 Maximal ideals

Recall Let R be a commutative ringand I R a proper ideal

I is prime RI is an integral domain

Va be R ab EI aEI a bet

I is maximal RII is a field

I is maximal among all profes ideals of R with respectto

inclusion lie ISJER ideal J I n J R

We still have to see if maximal ideals exist forany R
commutative ring In general

this is achieved byusing Zorn's Lemma see 541.2 For a particular class of rings
called Netherian rings an alternate proof canbegiven which avoids to use of Zorn's Lemm

Wewill see thisin a future lecture

41.1 TheGeometry of commutative rings
Geometrically we can thinkof commutative rings as ringsof functions valued in a field

To fix ideas we assume this field is

Heuristically X is a topological space ms Fun X 1 f X antimious

it is a ringwith pointwise and
instant function

Y X closed subspace mus Iy f X fig to yfY ideal
So ideals ofFun X G correspond to closedsubsets

If X has an algebraic nature then we restrictFun X G to polynomial rational function

Examples X R ms R polynomial real valued functions onX

IR X Y

Q Whatdowegain

A We candetect nontransversal intersections ie multiplicities

Example I y x C R Rex
Iz y C R R x y



Subsets of R where functions from I resp Ic vanish
y x I

X la b ER b a parabola
z y o Is

X2 3 a 0 ER GER x axis intersectionhas

Intersection of sets X 1 2 310,0 9 but weseemto
multiplicity taigent

have list themultiplicity 14fangbole

Rightidea define the ideal of functions vanishing at X NX

I I I 1 g x2 y y 1 This is not the ideal x y
exponent 2 indicateswe havemultiplicity 2

Commutativering R Type functions on Type space X withralyn.my fire
continuous topological
linear

polygomial tghtaic

Ideals subsets of functions which vanish in a givensubset Y EX
inthetopologicalsetting
Y mustbe a closetset

ms opensets must then be given by non vanishing of a set of functions

Eg GL IR 9 Max lk ad be to

learn more Cox Little OShea Ideals Varieties and Algorithms

591.2Existence ofMaximal Ideal

Proposition1 Let R be a commutative ring and J E R be a proper ideal Then

M ER a maximal ideal with J M
Proof We prove the statement using Zou's Lemma

Zorn's lemma Let T be a non empty set a partial order on T

Meaningof order i i VIET reflexive

vi jey i j jei is antisymmetric

kiss leg is jejel isl transitive



Partial given i jey it is possible that wither is we jei hold
ie not every pair of elements of T are comparable

Assume that every chain io.si in I canbe brandedabovein Y

JET st io e j i sj in j tuso

Then there exist maximal elements in 7

In ourcase T setof properidealsof R whichcontainJ
7 because JET

inclusion I I EJ I Iz means I Iz
Werecify the hypothesis of Zorn's Lemma Assume we are given a chain in L
I E Iz E ie each In R is a properideal containing J

and In Int 4 0 1,2

Take I If I In because In t Iic In time
In c Clent Irj IunTo prose 111 If R is a proper ideal

121 I J I In 6 942

c In 2J k so J In I Also In I k

117 I R because if IEI then the st IE In contradictingthe factthat

In is profer

Why is I am ideal

a bEI Inso st a be In hence a b e Inte l o1

a b In
19 In reR

91b I

ra I er
Hence I is an ideal

Thus Zorn's Lemma appliesand we have maximal ideals

Corollary Given a commutative ring R and a proper ideal J I R prime
ideal with J E I
Proof Use Proposition and the fact that maximal ideals are prime by
Proposition13 590.3



Proposition2 N Anytwo distinct maximal ideals in a commutative ring R are

coprime
2 Let f R Re be a ring homomorphism between twocommutativerings

1 Ra Let P E R be a prime ideal Then

P f 1Pa a ER flag Pal
s again a prime ideal in R

Proof 111 It M E R and M ER are maximal ideals then the ideal

M Mz contains both M Mz

By maximality of M we get M iMz M or M M R

Thus Ma E M M M Mz R

Since Mz is maximal D is a proper ideal with McFM wecannothave

McEM Therefore M Mz R ie M Mz are coprime

4 Consider the ring hummorphism R

9 1 fla modPa

Since g Tof is a composition of ringhomomorphisms it is a ring him
Ker g a 1 fla e Pa 8 P2 so by 1ˢᵗ IsomorphismTheorem
we get an injective ring homomorphism

But JeE R is prime Ryp is an integral domain

Hence the same is true for Ryp ab o in Ripp ila i b o in R2p

ital to d i b to inRupa ie a o or b o in Ryp
because i is injective

We conclude P ER is prime IP R because

it


