
 
LectureXL 1 Localrings

Recall the following result from 41.2 for commutative rings
Proposition 111 Maximal ideals exist

12 MiM E R maximal ideals I M Mz or M M R

13 For anyring homomorphism
f R R2 P2 ER primeideal in Rz the

set P f Pa Sae R I fla Pal R is a prime ideal

Remark The conclusion of 13 will be false if wereplacethe adjective prime wit

maximal

Example f 2 Q
Y In

10 is theonly maximal ideal

But is not a maximal ideal of z
it's still prime though

842.1 LocalRings
Let R be a commutative ring
Definition We say that R is local if ithas a uniquemaximal ideal

Usually we denoteit by IR M if M is theuniquemaximal ideal of R

Example Every field is a local ring I 10 EK is the onlyproferideal of K

Proposition A commutative ring R is local it andonly if

M R R a ER 1 a is nota unit m RE R

is an ideal In this case M is theuniquemaximal ideal of R
Proof We beginby recalling that if I R is a profer ideal then INR

that is I M Thus if M E R is an ideal it is clearlythemaximal idea

Assume M R is an ideal then by the observation made above we have

Set of Maximalideals of R 3ME ie R is local
Assume R is a local ideal and let J ER be its uniquemaximal ideal

Then JEM JAR

If XEM I x ER because I rx re RE and I EI XERY

Thus I ER X EM R R

By our previous result I R maximal ideal containing I



2
As R is local I J hence EJ EM ie MEJ
Conclusion J M M EJ M J is an ideal of R

Examples R KEx is a local ring
Proof We determine R We can writeany FER as at bx with a b Ek

a bx R with a bfK atbx tax for some c dek ie

i atbxl letdx as lad b 1
We can solve these equation in K C I

d bae
at k K go

Thus R a bx 1 ato a bek R

R R x

Since this is an ideal we conclude that R is local x ER is its unique
maximal ideal

Hence Set of ideals of R Kf 3 10 x 11 R

That.me yimel
Alternative Argument Considerthenaturalprojection K Kex Kixx
By the Second IsmorphismThrown wehave

Entity's I Initiate
E IP P
Q I I Q

Furthermore given Me R maximalideal then M isprime so Q T IM is a prime
ideal of Kfx containing x

But EQ Q isprime EQ or EQ in EQ
Theis Q prime ideal of Kex with x EQ 4 Q pain idealof K x with EQ



Now Kfx is a PID so Q If for sme f Kx K because Kex K

Sima XE Q If fix we conclude that deg f degx 1

Theis f ax for a Ek
We conclude M ER maximal M I 1077 x1 x R

Note IX is maximal because Ryx R

yy
K K is a field

Thus R is a localring because 1 1 is its unique maximal ideal

Example2 R K xD ring of formal power series in one variable with
coefficients from a field K

A Typical element of R is of the form

data ta x t If an x
Addition componentwise E an x obax ET lantbn x

Multiplication distributive out

an x E bux ambic Eo Etajbn.gl x

Note In our definition of and of elements of R KAXD only finitelymany
operations where performed to get the coefficients of for a fixed n

E g En ajbn.ge C1r9 5TeK
The same idea will give us a ring structure on thering of Laurent series
KkXH Ff ajxs ajek j ni nth NEZ

Alternative notation K x XD

In exercise Our definition of multiplication willnot make sense for the abelian

group Kfx xD Ej aj xd ajek jEZ group under



Reason if it did x x t t txt I 0 9

which can't betrue compare coefficient of to get 1 0

Claim R KID R K KAX ie powerseries with un

zero constantterm Reason we can compute f byhand termbyterm if fro to
R R x is an ideal hence R is a local ring

Example3 Fix pe25,2 a prime define

R EQ belittines Notation Zip

Claim1 R is a subring of Q
PH O I T E R

er E

pXb pts pts.ba so after simplifying mQ
We include both rational numbers lie in R

Claim2 R 3 0 9 19 5 ER 5 in Q lies ml

R R Ip PR is an ideal
Conclude R is a local ring

Summary The 3 examples above show how to obtain localrings

Kenya KKXD Zp
Quotient by

Completion Localization

an ideal contained withrespectto away fromIp
theideal 1 1in a uniquemaximal specialcase of

ideal formingring
of fractions


