
 
LectureXL111 Ring of Fractions

413.1Ring ofFractions

Let R be a commutative ring and SER

Definition We say S is multiplicatively closed it

11 0 S

12 IES

131 a b ES a b.ES

We aregoing to use S to define a new ring denoted by 5 R by inverting
elements of 5
Model to keep in mind how is defined starting from 2 and inverting every
non Zen ne 20 Here S 2 304

Definition S R SxRly where is an equivalence relationon

SXR defined as follows

given I we say Is.ir so re if there exists tes

such that t s re rise to 1 1

In thetextbook it is further assumed that a multiplicatively closed set does

Not contain zew divisors With this stronger assumption wedon'tneed to include

t in the definition of

Wewill not bemaking this stronger assumption in particular 5 maycontain

a zero divisorof R

Lemma The relation defined above is an equivalence relation

Proof We need tocheck is reflexive symmetric and transitive

lit s 7 N S r Uses rER It IES 1 sr rs 0



Iii 1st r n sa ra tes tis re rise H Sar 2s to

t safe res 0 tes so sa ra si ri

iiil star so a sa ra Ss s

Ftes t sire sir o t es t Sars 1253 0

We need to find t ES with s b r 53 0

Pick tt's E S because t t s E S S is multiplicatively closed

t sirs ssri ttsals.rs ssri egg t.fi ss
tt'rzszs t'ts rzss 0

Since es t s is 535 0 then 1st r 53,53

Notation A typical element of S R is an equivalence class in S R modulo

I Is r equivalence classmodulo ie sir SxR Is r s r

In particular

I Ites with s o i r tr to tES t.ro

593.2Ring structure on S R

We defineaddition and multiplication on S R modeled on Q

sit

Neutral elements os.ir s r

Weneedto check these operations are well defined

Proposition 11 The operations in S R are welldefined

12 5 R T is an abelian group

3 is associative commutative I is multiplicativelyneutral I
14 distributes over addition



3
Proof 117 Is r Is ri scare sa ra
We know ES t s ri r s o

ES t sari 25 0

Then I is s
re is it

Wewanttoshow 15,52 r sat sira sist rise't sird ie t es
with s s rise siri 5 s's Irisa siral to

l s s risi s s sark s s'z rise sis ras to

I szs siri sir s s sark sira to

Pink t tt'ES IS is multiplicatively closed

sisal is siri 5 s's trisat siral
tt 52s Siri_sir s s sark sira

sit.ee im sisit'htfsird
o

Then

Wewanttoshow Sisa fire sist risk in t es with

siszrirk rirzs.is's 0

Pink t tt'ES IS is multiplicatively closed

t sisz risk rissisi tt s s fir's riasis's

Ffg'sart tasif.gsg
ttrisisere t'trisisari o

121 The formula for is symmetric so is commutative

Also is associative inheritedby associativity of and mR

is Neutral It I o.SI Is 5
Is I since I I r ststrts because

1 1 0 0.52 1 0 0 IES

13 The formula for is symmetric so is commutative
Also is associative inherited by associativity of m R



I is Neutral I I Is 5
tes of 1 1 01 t l t

This is so because 0 S

4 Multiplication distributes over addition

5 E 5 isst.is sissies rises yes

miss 5 5

55,52 er 52 trees 525,52 crissa triass

te S with t 55,52 frissa trass rr satiras s's 52
t s 5,52 rr 552 Ss sarrass 525,5 rr 52 525,52 rash

ts sirris sirs ra sirris sprsarz ts 10 0

Consequence

INPUT OUTPUT

R commutative ring
meSCR mult closed

145
esig.gg

mats

Rises

ie adding o.at EIo
givethe same element in 5 R

Name S R ringof fractions

433 Examples

R Z In any integral domain

S R 304

us s R IR 304 R Q s s

o

R is an integraldomain ab o a o ab o

is 10 R is a prime ideal ie R 104 S ER is multiplicatiselyclosed



Notation R integral domain

FIR field of fractions of R IF hr Fractions

R 306 R
Lemma1 FIR is a field

Proof It is a field because EFIR either r o ie x o

or y E E F IR is

In particular FIR FIR 1301

A non integralexample

R 2
62

5 31 2,44 42 ne 2

In S R 5 0 tts with t r o

So 3 s s'ES Meaning 6 elements in each in SxR
15 1 2,4

There are 3 elements in 5 R representatives 1

Indeed 2 9 8 4

I É it It I
I

It Etz Ett Ett d

I
Check whichelements we obtained
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