
 
LectureXLV Localizations andtheir prime ideals

45.1 Summary

Recall Our recent construction
5 R ring of fractionsR commutative

ring
Y multiplicatiselyclosedset j R 5 R

a is ties t E
Ker j ae R tES with taro

We provethe following facts

Proposition1 IER ideal theset 5 II aeI ses 5 R is an

ideal Furthermore S II ideal of S R generated by j I jias aEI

Proposition2 Every ideal I 5 R is of the form 5 I forsome ideal I R More

precisely I j lI aer jase I j I R
I preferred notation whenworking with S R

In addition I 5 j II

Corollary1 If I Ix for some XER then 5 II is the idealof5 R generated byjX
Remark Since j R S R is a ringhummorphism wehave

Ideals inR
not intersecting s of492

j
I 1 EsrR III

j S I I because aeI jia qes I aej 5 I

Q Dowe have j 15 II I for any ideal
I R

A No We'll see an example in 545.2

Easy if Ins 5 I S R so I IS_ I s R R
Main result Weget a 1 to 1 correspondence if wetakeprimeideals



545.2 More properties of ideals of 5 R

Proposition 3 Consider I Iz R ideals Then

in 5 I Iz 5 I 5 12
14 S I nIz 5 I 75 112
131 5 I I 5 I 5 Iz

Proof 111 and 3 are obvious fromCorollary since

I.IE Eventedby
To prose12 wecheckthe double inclusion
E I MIz Ij for j yz s I nIz 5 Ij foj.bz
Thus S I nIz 5 I 15 Iz

2 Pick e 5 I ns Iz are a eI azetz.si sees
Them tES suchthat 19,52 925 0 a tsz acts I nIz
since we get ES IT nIz

Proposition 4 Consider I R ideal S II 5 R ideal Then

5 II 5 R Ins

Proof If SEINS then 1 5 5 II Hence 5 I S R

Assume 5 II S R E 5 II ie act ses with

Thus tES with t i s a 1 tls a to so ts at

sites stes because 5 is multiplicately dosed
include tq.ggaeI TESER ate I

Hence Ins

Propositions For any ideal I R we have

s II ER treI forsome tes

Proof This is almost by definition
re j is 117

p q j r es II a EI ses with

Eye
Is s'fS a EI with s is a i 0 ie

refs
s a I Thisshows



3For 12 f 5 II so re j 15 II

Theorem Thereexists a 1 to 1 correspondence

Prime ideals inR
not intersecting s

Primates

P S P

R 515 C F ES R

Proof We firstneedto check these 2 maps are well defined

Note PER Pns 5 IP S R is an ideal
5 R 5 15 ER because j 1 J

Since j R S R is a ring homomorphism we knowbyProposition2121591.2

hat PS S R prince ideal P 5 15 ER is also prime

Claim PS R prime ideal withPMS 5 8 PEPSESEES
is aprime ideal

If Weshow a 5ES R with a 5e5 P its P 5 51 P

Let E E S R so a are R testes
Assume 5 IP ie peP SES with 192 I
Pick es with t sa.az ptite o ie

tgla.az ptitat EP

Then t's a a P t's P 9,92 EP
prime

s
Thus a P r a E P Hence 5 P n age 5 P aswewanted

Next wecheck that the maps are inverse of eachother

Weknow from Proposition 2 that 5 j II I forevery ideal I of 5 R

Claim2 PER prime with Pns 5 15 8 P
Pf We prove the double inclusion



E By Proposition 5 45.2 wehave re j 15 18 FEES with tre P
But Sn 5 0 so tree with TES rep
Infant HES treP rep because t P Pisprime

2 pep P E S 18 so BE 5 5 1187 This is true for any
ideal I of R

We have similar results for arbitrary ideals I of R but some important differen

need to be stressed

j R S R j R 5 R
Ut ideal
II Eat stilited

ER Jh EI

j 15 III re R treI for some test
es

We may have 5 15 II I even if Ins

Weknow 5 j 5 II S II forevery ideal IER

so we will have two distinct ideals I j IS_ II in R

not intersecting S which generate the same ideal of 5 R This will
forces I notto be prime

Example Take R Kex y with K a field
5 R Ix tax g I f is notdivisible by is multiplicatively

closed because Ix is aprime ideal

Take I Ixy S II 5 ixy 5 x

5 R g is not divisible by

As yes y x EI XE j 5 II but I

Exercise j 5 III x g I


