
 
LectureXLV Nilradicals Coming Attractions

Recall R commutative ring S multiplicatively closed

Partitions
t t

Estes
P 5 5 P

5 18 I

546.1 An application theNilradical of R
Assume R is a commutative ring
Definition An element aER is nilpotent it ngo with a 0

Set N a ER a is nilpotent

Remark as we donot allow o to be in our multiplicatively closed set

for a given a ER we have

1 a a as is multiplicativelyused a N

Proposition 111 WE R is an ideal

12 Ic P for any primeideal PER

131 M P M
PER
prime

Definition N is called the nitradical of R

Proof III was a homework problem a b E W atb it uses Binomial
Throum a 0 b o atb

m
o

121 at it a to for some n 70

Since a oE P P is prime then a

131 By 2 WE
pay

so it suffices to provethe reverse inclusion



If a N then S 1 a a R is a multiplicatively
closed set Consider the ring homomorphism

j R S R

Takeanyprime ideal I S R such ideals exist because MES R

maximal ideal and maximal ideals are prime

Set P j 5 f R prime ideal ByTheorem 545.2 PMS
a P

This shows a N prime ideal PER with a P

lence N P E M
Ptune

546.2 Jacobson radical

Let R be a commutative ring Define

T M M Name Jacobson radical of RI

IFE
Recallanalogy W aeR a is nilpotent MP

PER
Primal

Name nilradical ideal of R

Remark Since M E R maximal ideal M is a prime ideal we get N T

Proposition I aeR 1 a ER KXER

Proof Consider the set K a ER I xa R xeR Wewantto prove
that I K

Wewantto show that hranygivenelement a ER

t ax ER HER aEM Mmaximal ideal MER



Equivalently

Mmaximalideal of R tyer i ay R
MER with a M

7 Since a M M is maximal wehave 117 a M la R
idealgeneratedbyM and a

ie mE M yer with 1 mtga 1 ay m EM so 1 ay R
aswe wanted to show

Assume yER with 1 ay R
Then l ay I R is a proper ideal of R

By Proposition 1541.2 a maximalideal M ER sit 11agl EM

This implies a M because otherwise 1
ay 1 I lay tay EM Contradiation

463 Operations on ideals

Recall the basic operations withringsand their ideals

Input Output Ideals

R Rz two R R Idirectproduct Ideals of R R2
commutativerings andringhomomorphisms I xIz 1 I ideals

R C
t R XR Rz

ric i tri ca a

R commutative ring Ring Homomorphisms When R K is a field weknow

Rex c R everyideal is principal

REXIC J R KExD is local with

constants maximal ideal x

R In R I quotient ring Ideals of R I
wming proper I R FI ringhim Ffg IF If



Input Output Ideals

R comm ring g R ringof fractions IET us 5 I 5 R
aeI SES

SER multclosedset
logs IES 81 3 might

IIIII Iff Ra bes a be s

j I 9 jis I

sijTI I I ES Rideal

515 II EImagenit Ins
Es R Kfxy I lxy S R Ix

j S I Ix xy

96.5 Landscape of ringswe'llstudy

In the nextfew lectures we'll study certain classes of commutative rings which are of
interest in Geometry and NumberTheory namely Noetherian ones enryideal is

Theywill be classified accordingto their dimension which canbe viewedas
themminted

of parameters needed to describe them in analogywith thedimension of a vector space
dim R I Maximal length of a chainofPrimeideals P E P E Pe in R

Unique FastrizationDomains

leg k field nE IN

K x x2 Xn

Dedekind domains
SingularCurses

dim I Principal Ideal domains

Euclidean domains 1
2 2 2 y3

FIELDS ARTINIAN RINGSdim o

JE.IE
with zew divisors



dim IR 0 means every prims ideal is maximal

dim I RI R is an integraldomain means every non zero prime

ideal is maximal

596.4 EuclideanDomains

Definition A Euclideandomain is an integraldomain R suchthat thereexists a function

N R Zso optimal Nio o or define N R 304 2s
such that forevery a b E R b 0 we can find q r ER suchthat

a gb r AND Nir N b if r o

Main examples from 539.2

R 2 Nil Ill lEZ

R K x for k a field N fix degree of fix fix EK 304

ConventionSet No to although forother reasons we wantedN j o

R Z i Z Fi GaussIntegers Nlatbi a tb latbil Habe

46.5 EuclideanDomains are PIDs

Recall A PID is an integral domain R where eachideal isprincipal lie canbegeneratedb
i element

The threeexamples above are PIDS This is true in general

Lemma Let R be a Euclidean domain Then R is a principal idealdomain

Proof Let N R 2,0 be the function on R given by thedefinition of a Euclideandomain

Let I ER be a mzeroideal Choose be I 504 with Nlb min

hnfhyg.gg
Claim I 1b

Pf Fr at I write it as a gb to with r o or rto and Nr CN b

But r a qb I so if r o we get Nir N b Couth

Only option is r o ie I b I giving I 1b
YEI



46.6Quadratic fieldextensions

Definition Consider DE 2 30,14 with DTE 2 A quadratic fieldextension of Q is a

field of the form R Q I D Here Q TD is thesmallestsubfield of containingTDE

Remark R TD R 31 and it is a subfield R 2 2 517 so 1 9
Lemma We can assume D is square free ie D Pi pe to p pe 2s distinct

primes
Proof By theuniger factorization of D into primefactors we can write

D I pie prer m pi pis with MEZ

Indeed 1 zk a liszkitt i take M I piki
Then Q TD Q

12 rpii.pt
Q ftp.T

A field contains Q TD it contains Q F when D pin Pis is squan free

I I is squarefree Il o inthe definition


