
 
LectureXLV 1 Quadratic integerrings

Recall A Euclideandomain is an integraldomain R suchthat thereexists a function

N R Zso optimal Nio o or define N R 30 230

uch that forevery a b E R b 0 we can find q r ER suchthat

a gb r AND Nir N b if r o

Lemma Euclidean domains are PIDs

Examples 2 KEX with K a field Z i

TODAY'S GOAL Introduceanotherfamilyof examples namelyquadraticIntegers

597.1Quadratic integerrings

Definition Consider DE 2 30,14 with Dr 2 A quadratic fieldextension of Q is a

field of the form R Q TD Here Q TD is thesmallestsubfield of containing DE

Remark We can assume D is square free

Q What do elements of Q TD look like

Lemma1 Q B hatbTD a bEQ
Proof We showthedouble inclusion

17 Q 5 QID ring atbTD EQ ITD Ka bEQ

Enough toshow R RHS is a field asubfieldofG It is a subsetof soweneedtocheck
fewer things closedunder OER IER R R 301
R t 01 is an abelian group I I OLD ER

latbb attrib actbfD laft be TD ER
TQ TQ

Claim 9tbTD 0 a 0 b o

Pf o a bbl a b b a b D o b'D a

Write a Is Iris 1 b my 1min toget ms D rn 2 in 2

If r 0 m o Then 1ms D Irn to in Z and D is squarefree which
cannot haffen

Then
I o

so atbD bTD to in forces b o



Then pick atbTD ER 404 atbb a 65 a b'D E 1204

because both atbb a bb and are non zero by the claim
Hence atb D as ID acts TD ER

Remark Quadratic integers are subrings of QLD

Corollary Any ZEQ TD canbe written uniquely as Z atbTD with a bEQ

Proof Direct consequence of the claimmadeinthe proof of Lemma1

As a consequence of the proof of Lemma't we can define a function

Q B N Q
atbT a b D latbs a b D

Definition Assume DE 2 30,14 is square free We define the quadratic ringof

integus of D as thering 0 TD Z w hatbw a be 24 where

if D I mody
w tf if p 2,3 mod

Remark Thename comes fromthe followingdefinition we say α EC is integral if we
can find PE Zex 309 manic with p 127 0

Example E 35 are integral 1 p 2 p x 3

II is integral P x 111 Es x2 Ext
2 1 E Z x

The following statements explain our choice of 0 TD

Proposition O FD EQ TD NK E Z for DEZ 40,1 squarethe

Proof Z w 0 TD is easy we justneed to check that Nlatbw EZ

Wecheck both options for w separately
CASE Assume D 2,3 muda so w D Then Nlatbw N 9 5 D a 5 DEZ
because a b DEZ



CASE2 Assume D moda so we tf Then N a bw N at blitfs
N Catz 5 kat b ID tab D

Etgbt 1sima D wd4 1 EZ
Theis N latbw 21

Theconverse requires some results we still don't have

Theproof shows some relevant computation

Corollary Nlatbw a

at
i

ie

Theorem Off at bTD EQ TD atbTD is integral

Proof It is easyto see αEZ W is integral for all α so we get E

If D 2,3 moda we get 0 D 2 To so the polynomial

is ironic and Platb D to a be 2

If pdf fe
ÉÉÉffffffpfil

hegumial

2
Ratb the 527 x2 fats x a tab b F

lies in 21 7 is mail and P at b 11 0

Fortheconverse we will need some more facts

Remark In both cases the constant term of Pix is N atbw
Theis to show the missing inclusions it is enough to show

atbTD EQ TD atbTD is integral a bTDEQ TD Nlatbb EZ

This usesthreefacts



PE 304 has a bTD EQ TD as a root a bTD is also a
root Thus q X 19 557 x a bro x2 zax at b D pix
inQCx In particular if bto then fix Q x is the polynomial of

smallest degree that has a b D as a root

Any PE Z monic of minimal degree that has a b D EQ TD
as a root with b to cannotbe factored untimally in Q x byGauss'slemmawhichwe
see in a futurelecture This shows that Pix fix EX so

N a brd a b DE 2 and za EZ

Any at Q is integral if and only if at 2

Pf Pix x a 2x is monis and play o

If a is integral then pe 21 3 301 monis of minimaldegree that has
Pca o Then Pix x a fix with GEQ x do longdivision

at 2 denominator of a 1 leadingcoefficientof P IWe'll see this in a future
lecture

Combining these statements wewill getto any atbTD EQ ITD integral lies in O TD
as theTheorem claimed

Example DSO NlatbD latbTD 111 noun as a complexnumber
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D 3 my Offs
2W 2W tzw z zw

t.tw w HW ctw Stw w I i

88 z s

Q Forwhichvalues of D is 015 a Euclideandomain

A NOT all



Here is the precise statement Wewill not proveit
Theorem2 Let DEZ 40,1 be a squan the integer Then O TD is a Euclidean

domain if and only if
i Dco D 1 2 3 7 11

Iiil D 70 D 2 3,5 6 7 11 13 17 19 21 29 33 37 41 57,73

Furthermore the Euclidean norm in 0 D equals Ñiz Nizil


