
 
LectureXLV 11 Quadratic integerrings I

Recall Lasttime weproudthe following results for DEZ 40,14squarefree

Throumt Q TD hatbTD a bEQY

Any ZEQ TD canbe written uniquely as Z atbD with a bEQ

Wedefined Q TD N Q
atbT a b D latbs a b D

Definition Assume DE 2 30,14 is square free We define the quadratic ringof

mtegus of D as thering 0 TD Z w hatbw a be 24 where

w
1 7 if D I mody

if D 2,3 mod4

Theorems OCD EQ TD N X EZ
α EQ ID α is integral

integral α is thewot of a monic polynomialin Zex

Remark N atbw
at b'D if w G
at tab b if we lt

TODAY'SGOAL Study some values of Dco making 0 TD a Euclideandomain

Lemma DSO NlatbD latbTD 111 noun as a complexnumber
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48.1Someremarksforgeneral Δ span free D 0,1

Issue 1 ZEO TD N Z 2 Toget a nonnegative integer we need totake

ms Ñ 015 with Ñtz Nizsl

We know 0 Fi F F 2 i is a Euclidean domain Lecture39

I 3mod4

Let's review how we proved this Here Ñ z N z 70

Weused the following properties of N

N a bi a tb a 5 117 is multiplicative

Nlatbil 30 Ka b Nlatti o

p
atbi o

N atbi latbil 2 i

Given w ZE Zi Z 0 we take the quotient ctdi.EC

we tick IE im udthatIsc Ec
n w zlatbi digs

w

zig
Biz

with r k Bi Z Z i w Zlatbi Zi is a ring and
α EAC N Atri 4 2

N Ktsi z N tri N Z Niz Nez

Q What can we extend to 015 forD square fue D 0,1

Lemma2 Ñ is multiplicative

Proof NlatbTD atb D la bb for a bEQ

N Atb D CthTD N act bhD ah b TD
actbhD lattcb TD lactbh D ah tab TD
latb 5 Cth b a b b a hrs

atbb a bb ath D c hTD Nlatb b Neath B
Since I 1 is multiplicative on Q we conclude that Ñ is multiplicative

Lemma3 N a bD to a b o The Ñiz o for ZEO D 2 0

Proof It atbD E Q D has Nlatb D o then latbb la bb o



on Then a bTD 0 so a b o or a bb o so a b o 3

Corollary OCD ZEO TD Ñiz I

Proof 4 Ñ 1 1 Ñ is multiplicative 2 311 This ensures E holds

121 It ZEO TD Ñiz then Z at bro with a bEQ We get

1 at bbl a bb 1

Claim atbTD 0 TD a bTD EO TD by construction

PH If D 2,3 mod4 then 0 G Z TD so atbrd.EU TD a bEZ

If D mod4 then 0 TD 2 151 so

atbD O r atbTD cth 1 with c hez

Thus a bb the hard a bid Cth ITD Cth TD

Ez
117 E e kw 0 b

Then if atbrD EO TD has ÑlatbTD 1 then ENlatbTD It

at bro E a bbl EO TD

Remark Using 0 TD E Q TD NK E 26 thestatement is obvious

Next We take several examples of DCO see if the shifting method we used for
Z i applies or not

48.2 The case D 2

Theorem R O Fz is a Euclidean domainwith Ñ z Niz ZER

Note D z z mode so 0 FZ 2 F
DCO Niz Z1 viewing ZEC

Proof The same prooftechniqueused to Z i works in this example

Wewant to show R N satisfies the Euclidean property namely given α SER
th Bto g r ER with 91 to suitthat so on O and

N Ir N B
We write E Q Fz EG as I p theft with Pi Pat Q

field
wecan find f E 2 sit P 1 spot s



Take 1 9 f F ER r P Paf 7 β
Then r FER Nir N p p F21 f N B byLemma2

Byconstruction 8 ftp F 7 Ip 7,7 1Pa f Fa E Q F
atisties N f Ip 1,12 2 p f 2 2 4 3C
Theis if r o we get N r N 8 N B IN B NIB

o NIB 0 Kemmast

848.3 The case D 3

Theorem R O F is a Euclidean domainwith Ñ z Niz ZER

Note D 3 mode so 0 F 2 w with w Es
DCO Niz Z1 viewing ZEC

Proof Wecheckthe Euclidean property is satisfied Take α BER with β 0

As in 598 2 we write E Q F as Is pitffs 17Pi PE

We now pick an appropriate shift in Z w 2 21 1FI a shift

of the form atb F with a b E Z

lathe F Zcw for a b EZ such that

8 Pita F31 at bit E Q Fs satistics

Pa and I Pi late Pi z a

Thus N d P atf 3 Pa E 2 3 4 4 to 76 1

Conclusion f a F E R C OB ER satisfies α fB r

with r o or rto Nir N 8 NIB NY
Remark Same arguments work for D 7 11 both are mode

NIV t 4 41 to D 7 N 8 f 1412 1,5 1 for D 11



548.4 Thecase D 5

Theorem R 0 Fs is not a Euclideandomain Moreover it is not a PID

Note D 5 3mode so 0 F 2 Fs
DCO Niz Z1 viewing ZEC

Proof We show R is not a PID hence it cannot be a Euclideandomain byLemma546.5

We do so by building an explicit ideal I of R that is not principal

Claim I 3 2 Fs R is not a principalideal

Pf We argue bycontradiction and assume ER with I α

Then 3 α 3 dB for some BER
Taking N we get 9 1312 1212 B12 with 121 ARE 2
As 1212 a'tb 5 with a be 2 we know1212 3 This gives us 2 options

for 121 E 2
CASE 1 12 9 In this case IB 2 1 so by construction B 1

Hence 3 2 1 ie 13 2 55 13 But this means 2 5 3 ie

7m nE2 such that 2 55 3 mtn F 3m 3nF
2 3m me 2 Contradiction

CASEZ 1 12 1 so α II hence I R
This means if 13 2 55 ie 0,8 ER with 1 38 12 55 8

Multiplyingboth sides by 2 Fs weget
2 Fs 3812 F 81 51
a F

Efes
mine 2 with 2 Fs 3 mtn Fs so 2 3m with me 2 Get


